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XKW Outline

1. NMEESR: MOZFEAR The difference between two means: independent sam-
ples

2. FoXt LT EG: Paired Comparison test

3. HEWE: WA ZRIHE#E Comparing variances: the ratio of two variances
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1 WA ASHERR

1.1 AMEERDMAEHER Why Two-Population Inference
o AW T Z LA SR 1K 2 7

We often need to compare differences in means of two populations.

o R
Examples:
— PRI 7R Bk S LR 5
Gender wage gap: average wage of males vs females

— WA RE: R A SR A

Effectiveness of a new drug: treatment group vs control group

— BUORSLHtE AT A

Before vs after a policy

o TEFTHIXE RS, REREAZ “WERZ D7, M “PINIEAZ KRER?
In all these examples, the key question is not “What is the mean?” but “How

different are the two means?”

1.2 WM HEARSEXHEAR Independent Samples vs Paired Samples
1.2.1 PAFHARIEITESR Two Types of Study Design

o I HAR Independent samples: —ZH A IR 5 55— 2H o) MU A Bk
oo

the observations in one group are independent of those in the other group.

« ECXI#EAR Paired samples: —MEAS AN IIMES 5 MR —
MMEAHVLHEL . AP
each observation in one sample is matched with an observation in a second sample.

Not independent.

1.2.2 XftERfil Comparison Examples

DA FLRVR S [BOEE:S
IZRResRm B0 | BB R, UGS RIGA | EBAERM ARG
2 e AR ) ? LEBIR T AR 2 ERRP IR TT R e L

x 1 POLFEAR SEEXTFEA X . Comparison of Independent and Paired Samples
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AR X BOR T HE 2 TS AR Y

Note: The distinction depends on how the data are collected.

1.3 EEERARNNEIHEARAII{E Comparing two means from two in-

dependent samples
1.3.1 B#H5%1t= Parameters and Statistics

o BXNBINSEIE 1y — po

Parameters of interest p; — ps.

o — o I TRRAEE: PSSR 1 HEE 2 K (Eih) 2400
11— pio answers the question: On average, how much larger (or smaller) is population

1 compared to population 27

o BEDMFEAEGA AR B AFLEAR A

Each is considered to be a sample from a distinct population.

BAEALE | B8 | GitE | HERE

1 %51 T ny

2 M2 ) na

® 2 AR SRS SR

1.3.2 #4597 Sampling Distribution

o FAVKA 21 — 2o BIHHRE AT RIS g — o BEATHEWT
We rely on the sampling distribution of z; — Z5 to make inference on p; — po.

o EBHE, POWRREREH T 5 — 2o.
Luckily the central limit theorem applies to z; — Zs.

o BMEAMESARAIRMNIESS 04l BEEFEARERN N, &, — 2, BOHhEE A thigia T
1S
The sampling distribution of z; —Zy approaches a normal distribution as the sample

size increases even if the individual populations are not Normal.

A 0'2 0'2 2} =
o BRI NG — o, 2+ ), Bty By A E IR,
The limiting distribution is N (u1 — pa, Z—? + Z—g) where n, and ngy are the respective

sample sizes.
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1.3.3 FHEARHERT Two-sample Inference

o PEFEARHEWT R T BARIIMEZESR 11— o 1,

Two-sample Inference is about the difference in population means p; — po.

o LUTMIREARSE T E IR A FRAE IEZS 70 A1 -
Two-Sample Statistic below follows a standard normal distribution:

(T1 — @2) — (11 — pi2)

2 2
914 %2
ni ng

Z =

o XFMEN LRI BRY. RSB, SMATTZ L AAKNE.
This case is mainly theoretical. In practice, population variances are almost never

known.

1.4 K t %1tE Two-sample t Statistic
141 HUHEAK

o HRATTZEARINS, FAVERFERTRRITZ 51 M sy KEA o M 0ge
When the population variances are unknown, we use variance calculated from sam-
ples s; and sy to replace o, and o».

o RITE T, — Ty MIRHEIRA:

The standard error of the statistic Z; — Ty is:

2 2
S S

1 2
__|__
nq N9

o IS EN:
The test statistic is:

o > BRETEOR B P FEA BB AR AN E T

The denominator measures total sampling uncertainty coming from both samples.

1.4.2 BHMHE Degrees of Freedom
o RANGUFRERARIN ¢ A B AR ¢ A, HE BRI .

This statistic does not have an exact ¢ distribution. It only has approximately a ¢

distribution with an approximation for the degrees of freedom.
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o FATHABEERLE B k.
We can only approximate the degree of freedom k.
o RS, B EHItREERE. RAFETIE.
In practice, software computes the degrees of freedom automatically. You do not

need to calculate this by hand.

o B RATTUCRART 7 A ny — 1 M ny — 1 UMY —MENBE B .
Or we can use a conservative approach: using the smaller of ny — 1 and ny — 1 for

the degrees of freedom.

1.4.3 HHEXEHERIL{L Software Approximation for the Degrees of Freedom

o BREAWME: K2 HMMHH Satterthwaite YLK IHHEA R H HE. CRYE
Bt AR

The effective degree of freedom: Most statistical software uses Satterthwaite’s ap-

proximation for an effective degree of freedom. It is calculated from the data.

o

Formula:

o HPMADFEARE ny M ong KT EEET 5 I, XA Z

It is quite accurate when both sample sizes n; and ns are 5 or larger.

o AR AREZZAN AKX EERZBM N2 D27 N E BEED.
Note: You are not expected to memorize this formula. What matters is under-

standing why the degrees of freedom are smaller when variability is high.

1.5 FHEKRE(EXE Two-sample Confidence Interval
1.5.1 A%
o WANPMEZIEZEFHIFEA ¢ X[A]:

Two-Sample t Interval for a Difference Between Means:

Ty — X — + —=
1 2 /2 n, Ny
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1.5.2 Rf: KMHAABEZESR Example: Longleaf Pine DBH Difference

A EEXIEiTE Two-sample Confidence Interval Calculation

BHE: N Wade Tract Preserve JtHH1 RS EA A B 135 I 1% 22 S 4 3 I A R
—/~ 90% HIEASIX A,

Background: Construct and interpret a 90% confidence interval for the difference
in the mean DBH for longleaf pines in the northern and southern halves of the
Wade Tract Preserve.

R S

Descriptive Statistics:

&2 Variable | N | 318 Mean | fr/EZE StDev
North 30 23.70 17.50
South 30 34.53 14.26

HE:

o ETHIRHR, BATTLUAES: 1 — po M8 —NPIREA £ KT RATHEEAE
ARSI EHE df =30 —1=29.
Since the conditions are satisfied, we can construct a two-sample t interval

for the difference i1 — po. We'll use the conservative df = 30 — 1 = 29.

o BRIt =1.699 T df =29, XM 90% EIFXE].
From t-table, t* = 1.699 (for df = 29, two-sided 90% confidence interval).

- BfEXIA:

s2 &2 14.262  17.502
By — To) £ 7| L4 22 — (34.53 — 23.70) + 1.699\/
(71 = 7o) o ( ) 30 T 30

= 10.83 £ 7.00 = (3.83,17.83)

fERE: IRATAH 90% HIHEIRIN M 3.83 2| 17.83 KX B G5 1 MIANIME 2 (7]
MER. XANXERE, BEHNARFYEREIGEN AR P EZ K 3.83 2
17.83 JE K.

Interpretation: We are 90% confident that the interval from 3.83 to 17.83 centime-
ters captures the difference in two means. This interval suggests that the mean
diameter of the southern trees is between 3.83 and 17.83 cm larger than the mean

diameter of the northern trees.
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1.5.3 REFRFTFEEZH Checking the Required Conditions

« BEHLME Random: ¥k H 30 BRI HIBENLAEAS, 2050k HARARI AL ER ARG .
The data come from random samples of 30 trees, one from the northern half and

one from the southern half of the forest.

o IEZAM Normal: A8 25 E| HOUL 52 H s B2 AL 3 AT 1A 2 AH{E DBH & #) SR 7>
TR LS. SR, BT EARZ /D0y 30, AT LLZ2 i ] ¢
oo
Skewness seen in the boxplots gives us reason to believe that the population dis-
tributions of DBH measurements may not be Normal. However, since both sample

sizes are at least 30, we are safe using t procedures.

o 371 Independent: HF7EH MARMR AL HARE E AR AL A HUREAS o

Researchers took independent samples from the northern and southern halves of

the forest.

1.6 FHER t EEMRIE Two-Sample ¢t Significance Test
1.6.1 ISR

o RORBENLPE . IEZSVEAIIRAL I 25445 203 L

Suppose the Random, Normal, and Independent conditions are met.

d yﬂ*ﬁgﬁ@%i& H[) DU — U = 0, ﬁ‘ﬁ t gﬁﬁ“%
To test the hypothesis Hy : 11 — o = 0, compute the ¢ statistic:

o JERTHRAERFRE H, TRERTT IR EIRAFIX A KECE K ¢ Giit Rk
B PAH. HFHBHBEARLEMEL ny — 1 & ny — 1 FENEENEBHER t 575,
Find the P-value by calculating the probability of getting a t statistic this large
or larger in the direction specified by the alternative hypothesis H,. Use the ¢
distribution with degrees of freedom approximated by technology or the smaller of

ny — 1 and ny — 1.
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Iy

1.6.2 =fl: CEO %:%{ Example: CEO Performance

AR ¢ 118 (FEASF) Two-sample ¢ test (unequal variances)

ER: IR HE 7 ZEPFRE CEO MSIRL: R Bk H AN
POV BN o RS AR A HI A (S B AT CEO 287,

Background: One study compares the performance of two types of CEOs for family-
owned businesses: family members or professional managers from outside. Collect
profit information and CEO type from a sample of family-owned businesses.
o). JATREGAE 5% W BZMAKF EAHER, W mMEE CEO HEir
TR 77

Question: Can we conclude at the 5% significance level that there are significant
differences in the performance of the two types of CEOs?

A G

Descriptive Statistics:

= Variable | iM% Obs | ¥3{E Mean | FREZE Std. Dev.
Offspring 42 -0.1 1.946138
Outsider 98 1.235918 2.834568

PER ¢ MIEER

Two-sample t test results:

e t=-3.2196
« Satterthwaite YTfAf) H HE = 110.749

o XUMIGLGH) P {H = 0.0017

Two-sample t test with unequal variances

Variable Obs Mean Std. Err. Std. Dev. [95% Conf. Intervall
0ffspr~g 42 -.1 .3002956 1.946138 -.7064593 .5064593
Outsider 98 1.235918 .2863346 2.834568 .6676234 1.804213
combined 140 .8351429 .2252244 2.664891 .3898342 1.280452
diff -1.335918 .4149277 -2.158146 -.5136909
diff = mean(0ffspring) - mean(Outsider) t = -3.2196
Ho: diff = @ Satterthwaite's degrees of freedom = 110.749
Ha: diff < 0 Ha: diff != @ Ha: diff > @
Pr(T < t) = 0.0008 Pr(|T| > |t]) = 8.0017 Pr(T > t) = 0.9992

Zie: BT P{H =0.0017 < 0.05, FAIELH % . A EBFIEHRRH, KRk
7 CEO FAb L2 N CEO MSUSUFEEEER .

10
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Conclusion: Since P-value = 0.0017 < 0.05, we reject the null hypothesis. There is

sufficient evidence to conclude that there is a significant difference in performance

Inference about Two Populations

between family member CEOs and outside professional manager CEOs.

1.7

1.8

AR ¢ ITHIFREE ™ Robustness of the two-sample ¢ test
PIREAS ¢ KL EE SRR A ¢ TR AR .

The two-sample t procedures are more robust than the one-sample ¢ methods.

LI REA A SE H RS A AR AR, BT AR Y .
They are the most robust when both sample sizes are equal and both sample dis-

tributions are similar.

FHEFIIREAR BN 70 R ISP AR R o
Equal sample sizes increases robustness against non-normality.

i APIREATIU, AR A, S HHI P AR

When planning a two-sample study, choose equal sample sizes if you can.

t }IGAYEA$ERS Using the t Procedures

B T /NFEARTEOLAE, Hdli ok B IO R A 1 1] B B LR A I — SRR EE RS S A 2%
(G
Except in the case of small samples, the condition that the data are SRSs from the

populations of interest is more important than the norm population.

FEATZ AN 15: G REARE R R B, WA ¢ /5. a8 9] 2 ik
R R, AL ¢ R,
Sum of the sample sizes less than 15: Use t procedures if the data appear close to

Normal. If the data are clearly skewed or if outliers are present, do not use t.

FEARZMEADHR 15 HANT 40: ¢ i3 mT DMERH, BRI SR & 80R W2 .
Sum of the sample sizes at least 15 and less than 40: The ¢t procedures can be used

except in the presence of outliers or strong skewness.

KEEA: R A BARARL, SRR EZ MR CRA ny +ny > 400 I, AL
i ¢ L.
Large samples: The ¢ procedures can be used even for clearly skewed distributions

when the sum of the sample sizes is large, roughly ny + ny > 40.

11
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1.9

INEEZRHEWT Inference for Small Samples

HIATEA R I E R B A TR, R R A S B, XL
INEAR TR BRI R

When we do not have enough observations to examine distribution shapes, only

extreme outliers will stand out. These small samples require special care.

B VR DA AL R o (Tl Akt i A I % PR B B BE T o)
The power of significance tests tends to be low. (The power measures its ability to

detect an alternative hypothesis.)
BB XA R ZZ R BOR .
Margins of error of confidence intervals tend to be large.

IUARNARK,  BMEREAR AR/, BT RRIZAE B 1Y .

If an effect is large, it should still be evident, even with small sample sizes.

XMF/EAR, “ANEZF” BEHEEWRE AR, AR RN

With small samples, “no significance” often means “low power,” not “no effect.”

1.10 EHMAHAKX t 818 Pooled Two-Sample ¢ Procedures

1.10.1 #hA

FAAE T — R REA ¢ /0l RIRFEESF CBIHFPIREARE .
There are another version of the two-sample ¢-test: one assuming equal variance

( “pooled two-sample test” ).

AN H BONIERR R “ANGE” J7 R, MBS SR TT Z M5
The one we discussed so far is the “unequal” variance test, not assuming equal

variance for the two populations.

EATE WA F 2~ 20 E .
They have slightly different formulas and degrees of freedom.

SIF ¢ R ZMEE, KEHE AL,

The pooled t-test assumes equal population variances, which is often unrealistic.

Ay, EH A T ASE D2 ¢ ke (Welch #50).
Today, the unequal-variance t-test (Welch’s test) is generally preferred.

12
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1.10.2 &HFZEMHITE Pooled Variance Estimator

o WIRARWT ZAEE, AT LMEH & 07 Z b
If assume equal variance, we can use the pooled variance estimator:

2 — 2im (X =32 + 302 (X = 75)° (= )i+ (n2 — 1)s3
p ny+ng — 2 ny +mng — 2

1.10.3 REFZITES5EEXIE

o RERGIFERMNEHEA ny 4+ ne — 2 1 ¢t 5340
The test statistic follows a t-distribution with degrees of freedom n; + ny — 2:

(T1 — @3) = (11 — pio)

2 (L 4 L
Sp (n1+n2)

t =

« AEXIEZN:

The confidence interval becomes:

1 1
(fl — .TQ) + ta/g(nl + TNog — 2)\/5127 (— + _)

ny U

1.10.4 =f5l: 547K S5M/E Example: Calcium Supplement and Blood Pres-

sure

EHMEHAK t 11§ Pooled Two-Sample ¢t Test

BHE: IR E SRR ML ? —BiREL ek —4 10 4 8
NB RS 12 F, H—4H 11 LERANBERASPAAE R 2E A LT
s I S PEARHIE S Gt it

Background: Does increasing the amount of calcium in our diet reduce blood pres-
sure? A randomized comparative experiment gave one group of 10 black men a
calcium supplement for 12 weeks and a control group of 11 black men a placebo
that appeared identical. The summary statistics are given below for the decreases

in blood pressure.

A% Group | n | ¥J{E Mean | s
Calcium 10 5.000 8.743
Placebo 11 -0.273 5.901

WU : Ho: = po X Hy g > pa CROD
Test: Hy : 1 = p against H, @ py > po (one-sided).
E:

13
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o HITE:
Pooled variance:

10 — 1)8.743% + (11 — 1)5.9012
s2 = ( ) aall ) = 54.536
p (10 + 11 — 2)

o BIEFREZ: s, = V/54.536 = 7.385

o t GiTE:

t statistic:

e HHE: df =10+11—2=19
o P1H CREZUITMM): p=0.059
50 LR, (HA RS NG IRIIIESE 3R B 45 £ b 78 771 e PR AR I

Conclusion: There is some evidence but not convincing evidence that calcium sup-

plement reduces blood pressure.

1.11  {EABF4IE? Which test to use?
1.11.1 &HFZE t 81 Pooled Variance t Test

o I E t IRKIILISk— B R AR A ¢ K56 AR AERRA .
The pooled variance t test has long been the standard version of the two-sample ¢

test in textbooks.

o UFEAREAHUTN, EATA AR RS A TESRHE 2 HR A A A R e
They are reasonably robust against both non-normality and unequal standard de-

viations when the sample sizes are close.

o BEMERESIH.

It is also practically easier to calculate.

1.11.2 AZFHZE t 8% Unequal Variance t Test

o SFEAEZERIBRN, BRAEARIN KR, BUETZE ¢ KR AEREZE 2
When the samples are quite different in size, the equal variances t-test becomes

sensitive to unequal standard deviations unless the samples are very large.

14
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2.1

2.2

ANGERREZE A A W B ORI,  Eds B a4 23 0
Unequal standard deviations are quite common: the spread of data tend to increase

when the center gets larger.

b e, NATTIE G FH R AR T ZE A IR A A2 15 AT DMBS B A T ZEAH 55
It was once common to use a two-sample variance test to check if we can assume

equal population variances.

SRIMT, SR Z ANZET) Z2 RS JF AR [/ A MRS 7 2 BEdE . Bboh, Jr ZRie i
IEARA, I B R R AT

However, lack of evidence for non-equal variances is not the same as evidence for
equal variances. Also, the variance tests assume a normal population and are not

robust to violation of such an assumption.

Eitt, BRIEBEEXR, BUERAFHE ¢ K.

Thus, use the unequal variance t-test unless required otherwise.

B ZE FRIHERT : AL XTEL 34056 Inference of Mean Dif-

ferences: Paired Comparison test

RS
5 R EME ZE S SR ALE H T B AR

The second type of difference in means applies to paired samples.

Al RS2 R L PN I SO R, B R AR AR AR UL 52 2
Examples: data from the same subjects observed in two periods, or subjects matched

to have similar characteristics.

P 0o VT 30 T 4 ) A 2 S Rl AR e

Paired designs reduce variability by controlling for individual differences.
HERT 0%

HEEEER: up = — [
Directly look at the difference: up = puy — po.

W EIERT pp, B Hy :pp >0
The hypothesis is directly about up, e.g. Hy : up > 0.

15
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o WATESLEENBIERER, RETHRERBSME zp MIREE spo
We start with calculate the differences for each pair of data and calculate the mean

Zp and standard deviation sp of the differences.

o HARMIMEN S BAEA ¢ AISAR A

The rest of the inference is the same as a one-sample ¢ test.

2.3 KEGITE5E(EXIE
o ZEFERBENRR G EN:
The test statistic for the mean of the population of differences is:
;_ Tp =D
SD/\/E
MM E BN n— 1 BI5AE 3.
a Student ¢ distributed with n — 1 degrees of freedom.
o BAfEXIEMETHE:
The confidence interval estimator:
5D
vn
2.4 fl: W 5% Example: Major and Salary

BeXt ¢ #6538 Paired t Test

B WATVEME e LA TR SR T EHE L. B 50
ZEGE YNV MBA, Hp—¥ R BE, —FEBEH, ixmmiHi i (UiEE
D ARAr . FATRESHERT SR L MBA ¥ % m T EH L MBA?

Background: Suppose that we want to know if finance majors were being offered

Ip Etay

higher salaries than marketing majors. Randomly sampled 50 recently graduated
MBAs half of whom majored in finance and half in marketing and record the highest
salary (including benefits) offer. Can we infer that finance majors obtain higher
salary offers than do marketing majors among MBAs?

Bosisit: FATTREA LI — XS SRS 8 LolA 2k, AR GPA /£ 3.92 2 4 22
0] (CHET 8 4 40, FE—X GPA 7E 3.84 % 3.92 Z A& RIS A %l
A GRERXANERE, BRI 25 MeRAE S AEE, AT GPA £E 2.0 F
2.08 Z[], VLR @it ik P R ML GPA W& RS 8 &l 2# kAT, BT
REAE VL RN

Paired Design: We randomly sample a finance and a marketing major whose grade

point average (GPA) falls between 3.92 and 4 (based on a maximum of 4), a finance

16
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and a marketing major whose GPA is between 3.84 and 3.92. We continue this
process until the 25th pair of finance and marketing majors are selected whose
GPA fell between 2.0 and 2.08. The matching is conducted by selecting finance
and marketing majors with similar GPAs. The resulting data are matched pairs.
B RATRE AN IX LLE T h R I 4518, SR AR F B T EE T
M4 ?

Question: Can we conclude from these data that finance majors draw larger salary
offers than do marketing majors?

BLxt ¢ HIG4E5R

Paired ¢ test results:

ZRE: Tp = 5064.52

ZREE: sp = 6646.895

FrdEi: 1329.379

t FitE: t = 3.8097

HHE: df =24

XU P AE: 0.0009

Paired t test

Variable Obs Mean Std. Err. Std. Dev. [95% Conf. Interval]
Finance 25 65438.2 4218.918 21094.59 56730.78 74145.62
Market~g 25 60373.68 4333.321 21666.61 51430.14 69317.22
diff 25 5064.52 1329.379 6646.895 2320.816 7808.224
mean(diff) = mean(Finance - Marketing) t = 3.8097

Ho: mean(diff) = @ degrees of freedom = 24
Ha: mean(diff) < @ Ha: mean(diff) != 0@ Ha: mean(diff) > 0@
Pr(T < t) = 0.9996 Pr(|T| > |t]) = 0.0009 Pr(T > t) = 0.0004

L. ERFEMIKY o =005 T, P{H =0.0009 < 0.05, FAFELIAERB. H L
W YRR &R L MBA WH % s T 88 Tl MBA.

Conclusion: At significance level a = 0.05, P-value = 0.0009 < 0.05, we reject the
null hypothesis. There is sufficient evidence to conclude that finance majors obtain

higher salary offers than marketing majors among MBAs.

17
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2.5 W HARSHEXNHERAZITEE Independent Samples vs Matched

Pairs

STEE : FEXTHRLE S # A5G Comparison: Paired vs Independent Sam-

ples Test
R AR 2 FER M F R R AL PN ISR AR 22 R ?

What if we ignore the pairedness and treat the data as two independent samples?
PNERFERHAR t WIHER:

Two-sample t test with unequal variances results:

o t ZiitE: t=0.8374
o HHIEE: 47.9657

o XU P {H: 0.4065

Two-sample t test with unequal variances

Variable Obs Mean Std. Err. Std. Dev. [95% Conf. Intervall
Finance 25 65438.2 4218.918 21094.59 56730.78 74145.62
Market~g 25 60373.68 4333.321 21666.61 51430.14 69317.22
combined 50 62905.94 3014.711 21317.23 56847.65 68964.23
diff 5064.52 6047.888 -7095.798 17224.84
diff = mean(Finance) - mean(Marketing) t = 0.8374
Ho: diff = @ Satterthwaite's degrees of freedom = 47.9657
Ha: diff < @ Ha: diff != @ Ha: diff > @
Pr(T < t) = 0.7967 Pr(|T| > |t|) = 0.4065 Pr(T > t) = 0.2033

bt FERANBIF TR, WM SRR THE. R%SETHERAR
W FARAER A«

o MSTREAR (BIHFE): /s (A + i) — 6048

P \n n2

o FCXTAEAS . “2 = 1329

fRRE: ULECHED TR (2@ EATILERE R
Mo WERILEC AR EARRE T 4R BRI R, BER
A% & GPA, WAFER HILACIEA 4 ?

Interpretation: The matched pairs reduced the variation (already explained par-

BorfRe) , Dl e v 1R B
PE#. R A RIS IS Y

(2

i3

tially by the information we are matching on) and thus smaller standard errors. If
the variable being matched on explains the variation in outcome variables, it would
improve the comparison. If companies did not consider GPA in hiring, would

matching still work here?
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3

3.1

AN B EEFRRLI Testing for the Equality of

two Population Variances

R

o BRSBTS 2

3.2

Comparing two population variances:

— R g AN A A R R

to test the quality consistency of different production methods

— LRI A XU

to compare the risks of two investment portfolio

A PR iR Y PERE A IS SR Y F A

We will describe the F' test for comparing the spread of two Normal populations.

F 4% F Distribution
FOMMBEWANBEHEEEX: v 20 F x> WEHBE, v, 295 2 EBE.

An F distribution is defined by two degrees of freedom: v; is the numerator y?

degree of freedom and vy is the denominator y? degree of freedom.

P Xz, /11
X2,/

F A NETTIR (RSO HARXFR.

The F' distribution starts at zero (is non-negative) and is not symmetrical.

Table 6(a)

Critical Values of £ A = .05

f(F)

K 1: F Distribution

19
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3.3 AN AELEERPHERT Inference about the ratio of two vari-

ances
3.3.1 IEPEMA
o HEWTRET HZEMILLER ., FATFIEX T 1IEAS A,
The inference is based on the ratio of the variances. We know that for normal
populations:

o (n—1)s°

X:T

o TTEMHREIERMEHEN (n — 1,1y — 1) [ F 7345:
The ratio of the variances thus follows an F-distribution with (n; —1,n,—1) degrees

of freedom:

2

(n1—1)s?
o /=)
/(ny—1) 0i/03

3.3.2 (RIgHKIE

o AT JEAB SR W S A0 A T 75 R TR AHAE
Our null hypothesis is usually to test for the equality of two variances:

2

g
Hy:— =1

03

o EFERET, gt
Under the null hypothesis, the test statistic simplifies to:

which is F-distributed with degrees of freedom df; = n; — 1 and dfs = ny — 1.

3.4 0l ELERFE B B 2EEFEHLEE Example: Comparing two container-

filling machines

FHEEE# LS Variance Ratio Test

e WRMEABERNESNLAAET Z. ATF s3 = 04528, HEfZ—TF
5% =0.6333, H n; =ny =25

Background: To compare the population variances of two container-filling ma-
chines. We have s3 = 0.4528. Recall that s? = 0.6333 and n; = ny = 25.

BJE: FRATRESAE 5% W H/K-F EHERT S — LS E— Sy m e (B

20
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ZH/N)?

Question: Can we infer at the 5% significance level that the second machine is
superior in its consistency (i.e., has smaller variance)?

FELINEE

Variance ratio test results:

250 WORIAVEREE — ailav e B e OFZE/ND, AL ERK. P
B =0.7915 I KT 0.05, HILEA RIS SCREE — S LA 7 22 5 /M B R
Conclusion: If we want to test whether the second machine is superior (smaller
variance), we use the left-tailed test. P-value = 0.7915 is much larger than 0.05,
so there is not enough evidence to support the claim that the second machine has

smaller variance.

— 06333 _ 1 3988

S
o« F'= 0.4528

»
[SIN BN

o« HHE: dfi =24,df, = 24

KHEMBiE H, :ratio< 1 (B 0 < 03) B P {H: 0.7915

B H, : ratio > 1 (B o > 02) B P {H: 0.2085

o H/PRW H, :ratio# 1 (Bl o2 #£02) ) P {H: 0.4170

3.5

HELEREEEIN Cautions for variance comparisons

F Rieso R IR AR LU, RIS R A Rt 2 itk

The F test is extremely sensitive to non-normality, even in large samples.
FESER T, ARAMEFIW— B ZH FALRAG ST ZRESE, @A SR
i A IEZS 70 AT U o

It is difficult in practice to tell whether a significant F-value is evidence of unequal

population variances or simply evidence that the populations are not Normal.

BURITAH KEEARS, o B8 2 5 IR MIEZRS A 2 A I, T URBEARAEX
[ESEiP
When you have large samples, it helps to check if the data is normally distributed

so large samples help in this sense.

FERLH AR, 7 22 LGB H R R VR, 1 A2 HEWrE Y .

In applied work, variance comparisons are often descriptive rather than inferential.
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4

4.1

EIEER DT BIHERT Inference for Non-Normal Distri-

butions

R m A, RAT DAl A R L S R R A (i, R .
If the data are skewed, you can attempt to transform the variable to bring it closer

to Normality (e.g., logarithm transformation).

B 1 IEZAS 73 AT A ) Hopt 73 A AT REAR IF s R R 2t . VP2 JEIE SRR &
TER SR DL S HEIRT 7 1%

A distribution other than a Normal distribution might describe your data well.

Many non-Normal models have been developed to provide inference procedures

too.

RRZFAUA R TG (CAESH7) HEWTTE, BRSO AR AR AT R E 73 A o
You can always use a distribution-free ( “nonparametric” ) inference procedure that

does not assume any specific distribution for the population.

SR, XAE T IRIE T e AT IR IR SG (BIan ¢ k) DhRCEAR.
However, such a procedure is usually less powerful than distribution-driven tests
(e.g., t-test).

HHEEFE I Transforming Data

B LRI R X H (log)

The most common transformation is the logarithm (log).

EHT AR A BRI
Good for right-skewed distributions: pull in the right tail of a distribution.

Hya(H AN IE -

The data values must all be positive.

AR BRI SRR BE X ARG RE L.
Caution: Transforming data changes the interpretation of the parameter: confi-

dence interval not in the original scale.
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1.4

3 3.
2 = 2 -
11 ot 14 elf
0 i /‘.’-6 0 | ...‘.., o o
"."
-1{ -1. el
-2 - —d * ‘
_3 T T T T 1 -3 T T T T T 1
0 5 10 15 20 25 02 04 06 08 1.0 1.2
CO (grams per mile) Log of CO emissions
(a) (b)

2: A e T LA B
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S48 Summary
o FEHERTHRIA:
— WA BRI EZE A A EE T S FEACIBON R A

There are two main designs for comparing differences in two population means:
independent samples and paired samples.

— 1B VR B S SRR T Bl 2 R R B
Correctly identifying the data type is crucial for choosing the appropriate test.

o JRIHEARHEREEER:

- 72‘35& H1 — H20

Parameter: p; — po.

— HEATTEARFIN, AEFHREA ¢ 125

When population variances are unknown, use two-sample ¢-test.

s ECE ST
NEEE]
— HHEEIEPL (Satterthwaite Ul BRERSFAE 1T (BUMEARER 1),
Degrees of freedom approximated (Satterthwaite) or conservatively (smaller

sample size minus 1).

. N _ _ " 52 52
— BEXE: (71— 22) 8551/ 30 + 220

o FEXTHEABERELE:

— ZH: pp = 1 — pige
Parameter: pup = pp — po.
— RN EIRNZE R, REHATHREAR ¢ .
Compute differences for each pair, then perform one-sample t-test on the dif-

ferences.

KRG ¢ = feske, FEHE df = n— L.
~ EERE: Tt
— PBexs vt aE i i VR 2 A D AR R, SR IR TR
Paired designs reduce variability by controlling for confounding variables, in-

creasing test power.
« ARETFRE t KK
— & ¢ IRy EASE, AR TE s2.

Pooled t-test assumes equal variances, uses pooled variance s2

P
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— ANSEJTZE ¢ ke (Welch fa3s) AMBRsCT ZAH55, I8, 0% 2 .
Unequal variance t-test (Welch’s test) does not assume equal variances, more

general, usually preferred.

— BRAEE A SRR B RS T Z A, SN AN DT ZE R .
Use unequal variance test unless there is strong prior reason to believe vari-

ances are equal.
« BINHERLER:
— M F R e A IR BRI T % .

Use F-test to compare variances of two normal populations.
~ elesitE P =, A F(d, df) A
— F RSO3 ARIEASTEARR UK, R EE .

F-test is very sensitive to non-normality, use with caution.

— FERL I TAE R, 5 22 BUBGE H E HIA IE AY .

In applied work, variance comparisons are often descriptive.

. I IRFER:

BiE KR BB sy R
WOLREAR, FERM, MEEENZE | po—pe | AETERRA LK% (Welch)
WOLRER, HEAK, BEEHE | - LIFPIRER BT f-test
B FEA 1D ROXT ¢ Ko
PP/ I S R 7 22 Y F Kt

® 3 PRI R R

- REMSEY:
— PREA ¢ RS L BRS¢ R e AR

Two-sample t-tests are more robust than one-sample ¢-tests.

— SFEAEANSE HL AT A A B

Most robust when sample sizes are equal and distributions similar.

— BEAUHFE S5 AR L IS M SRR B B CRREARR )
Random sampling condition is more important than normality condition (for

large samples).

— /NFEARRT R ThAUR, IRELPRK.

For small samples: low power, large margins of error.
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o FFESHIEFNLIE:
— HREAIR A R ECR D R ERT IR
Consider data transformation (e.g., log) to make data more normal.

— ZJEAEZHOTVE (4 Mann-Whitney U 2560
Consider nonparametric methods (e.g., Mann-Whitney U test).

— ERF S SRS IERE

Note: transformation changes interpretation of parameters.
o XA Key Formulas:

— WIREA ¢ GEit R RS %), ¢ = il lum)

E]
+

‘ o
=1
o

3
3

1
> 2 \ 52 52

— WREARBRXI: (3 — o) £1 50\ o8 + 22
s 1 —1) 824 (ro—1) 2

- BT E: 5. = (1 131}:;2_22 1)s3

At GHE: t= (Z1—&2)—(p1—p2)
VoG as)

_ S ol N = __ Zp—pp
fiexy t Rit=: t = EoobD
- F RS P -

2

KE#ZLE L Core Takeaways
o IEFRRAANEIRERR. XM HEARSR AR REE, R ITEAS
7] o
Correctly identify data type: Distinguishing between independent and

paired samples is crucial as test methods differ.
o EFEHRRL

— MOSTREAR — PIRER ¢ K6

Independent samples — Two-sample t-test

— R FEAR — TEXS ¢ Rl

Paired samples — Paired t-test

— BT E - F e GEEMRD

Compare variances — F-test (use with caution)
- IR

— BENLAAE R A B B 2% A

Random sampling is the most important condition.
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— IESYEBORERFEARA K RE (HORIREED.
Normality assumption is less critical for large samples (CLT).
— FEFF BB A Ik 7 .

Homogeneity of variance assumption affects test choice.

— EAF XA 2 7 B RN E 1 -

Confidence intervals provide magnitude and uncertainty of difference.

— P AR BRI ABB IS 925

P-values provide strength of evidence against null hypothesis.

— SR EAFTLREE,

Statistical significance does not equal practical importance.
o EEIREMFTH:
— PIREAR ¢ SRR AR A o

Two-sample t-tests are relatively robust.
— BTt IR S AL
Paired designs usually increase power.
— PMFERN DG, FEEAER AEE” 4551,
Low power for small samples, interpret "non-significant” results cau-

tiously.
« NMAEW:
— WRATRE, AR SRR R R

If possible, use paired design to control confounders.

— WERFTRE, fEAMSEAER SR,

If possible, use equal sample sizes to increase robustness.

— BrAEE R B, SUEAAETE ¢« k.

Use unequal variance ¢-test unless there is good reason not to.

— EEAE A Z B (F RS xd JE IE S HEEURO .
Use variance comparison tests cautiously (F-test sensitive to non-

normality).

o SEPRIEIRRERLER
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1. 5 BT 5% 1) REURI H 4 2R 7Y
Identify research question and data type.

2. MBI (FEHLME. IESME. Mtk TEFHE).
Check assumptions (randomness, normality, independence, homogeneity

of variance).
3. EFEE LRI .
Select appropriate test.
4. BATUFE BRI St .

Perform calculations or use statistical software.

5. RS R (BEXIE. PH. RN,

Interpret results (confidence intervals, P-values, effect sizes).

6. 13 HIBHL HH B LRR .

Draw conclusions and consider practical significance.
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