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1 ESHIRIE /T Introduction to Non-parametric Tests

1.1 Zh#l Motivation

AV R/ IR ZHO7 (A0 ¢ RS HR B el AR R M TE 2 70 A B A & 2 %
KRR EED .

Most methods we learned (e.g., ¢ tests) assume Normal populations or large samples
(Central Limit Theorem).

FESREH, B A 2 A IR .

In practice, no distribution is exactly normal.

FAFEATIPIREA ¢ R b2 HH A 45 R i SRR S AR IE A R AN BURE, 4l
e YA E A B .

The one-sample and two-sample ¢ procedures are quite robust: the results are

not very sensitive to moderate lack of Normality, especially when the samples are

reasonably large.

R R B B AR IES 70 A6, Rl & ZIRATAH D EMNERS, ZEATp?
What if plots suggest that the data are not Normal, especially when we have only

a few observations?

HMEREA AR, AR SR B FU 4 SR Rk -

Even if the sample size is modest, we still want to check the robustness of our

findings.

1.2 AIEIEIESHIER S E Measures for Non-normal Data

. AIBRE(E Outliors: MIRAFEAPERL I F 3120, & IEHHIF 53 (1 ThE
R

If the lack of normality is due to outliers, it may be legitimate to remove the outliers.

o ¥iEEEH Transformation: N RATA] DUE R, A EReia (R3S, 1
R, R AT DAL ) A A IR, IR R
Sometimes we can transform our data so that their distribution is more nearly
Normal. Transformations such as the logarithm that pull in the long tail of right-

skewed distributions are particularly helpful.

o IESHHRIE Non-parametric tests: EH H# I BA A&, 7] L5 &A%
AR AT E 7 AT BB AL )T Vs
When data transformation is ineffective or inappropriate, consider using tests that

do not rely on specific distributional assumptions.
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— #A#EIE Rank tests: BFEHEAN AR IR A & SLFME AT 78T -

The data is treated as ranks instead of using the actual value.

— EMHE A Resampling: W1 HBivE (Bootstrap) FIE#HAG L (Permutation
tests), (I HE AR SR B AR O T HEWT IR A 20 AT o
Bootstrap methods and permutation tests, resampling the data to directly

generate the sampling distribution for inference.

1.3 FFEIEHELIA Overview of Rank Tests
o FRANKGIG & —FhAESHUT 1, ANESR BRI G R e 2.

Rank tests are nonparametric methods that do not require any specific form of

population distribution.

o HAZOBEEETRENUIMEMRRR GEF I ED. XA RN B
EZWSS NN A
The core idea is to focus on the rank (place in order) of each observation. These

tests concern the position of a population or populations.
« ffim Advantages:

— WA, D T R E AN AT AR B R
By ranking the data, we reduce the influence of extreme values and distribution

shape.
— XA EUK.

Less sensitive to outliers.

— EHTIFEEE (Ordinal Data), #1035 & EVES o

Applicable to ordinal data (e.g., satisfaction scores).
« = Disadvantages:

— RETRTEBEBERDE R .
We lose information about the actual magnitudes.

— AHIEHALIRM LS A, KGR (Power) T8 H AR T XS M 1) 2 #ks:
By Can ¢ K.
When the data are indeed Normal, rank tests are generally less powerful than

their parametric counterparts (e.g., t-test).
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1.4 FHHEMEIEITEER Common Rank Tests Comparison

= SRR (ESE%R) TR LG
FAFEA AR ¢ KIG Wilcoxon £ 5 #4646
(WA= BT EZRBEREA t 5 | Wilcoxon £ 5 Fktu
PN BRSLREAS | PIREAR ¢t R0 Wilcoxon FEFIA 56

1. AR TR T7EERE Selection of Test Methods in Different Settings

2 Wilcoxon ¥ (AN MIZEA) Wilcoxon Rank
Sum Test

2.1 EAKXHLZ55Hl Basic Concept and Motivation
o T HEH ALK ALE

To compare the positions of two independent samples.

« =il Example: B 7T H 8] 4% B 15 5200 £OK = & o
Does having weeds in the field affect corn yield?

LREHE (BK) Weeds per meter | 2 CERNE/EH) Yield (bu/acre)
0 166.7 | 172.2 | 165.0 176.9
3 158.6 | 176.4 | 153.1 156.0

o FEARER/N, TEF 0 VAL IEASTE R EAS ¢ R e AR g It
The samples are too small to assess Normality adequately or to rely on the robust-

ness of the two-sample ¢ test.

2.2 #HTH: The Rank Transformation
o HHKEATAMMME CREANFEAR) MANEIRHET .

First arrange all observations from the smallest to the largest.

o FAUIMERI MR EAER IR T A E, RAFIIMERRDY 1.
The rank of each observation is its position in this ordered list, starting with rank

1 for the smallest observation.

. RIEIEHEF Ranking Example Data:



Applied Statistics Rank Tests
Fei Yield 153.1 156.0 158.6 165.0 166.7 172.2 176.4 176.9
& Rank 1 2 3 4 5 6 7 8
H] Group | Weeds | Weeds | Weeds | No Weeds | No Weeds | No Weeds | Weeds | No Weeds

2.3

FARFR RN CGE—HAD 1= &E.,

The boldface entries are the yields with no weeds present (the first sample).

MRAH AR B I BB S, T E 5 1 BUE KD
The rank transformation retains only the ordering of the observations, not numerical

values.

PR ICVFBATAMBGR 7341 AR

Ranks allow us to make no assumptions about the shape of the distribution.

WiIS% 1t R The Test Statistic

M1 F] 8 FIRRANESESE T 36, WERARFERA M, FATERFHBAHAN 18 (36
H—F).
The sum of the ranks from 1 to 8 is always equal to 36. If weeds have no effect, we

would expect the sum of the ranks in each group to be 18 (half of 36).

R IR RIAFAE AR 1 Bk, AT A B EE /N . RIS E A B AN
KN, FRATTAT AR 28 AR

If the presence of weeds reduces corn yields, we expect the ranks of the weeds plot
to be smaller. If the sum of ranks for the weeds plot is too small, we can conclude

that the null hypothesis may be rejected.

PRI, 28— DMEEAS R AT AT IR BA TR S G it & W

The rank sum of the first sample can thus be our test statistic W.

#F1 Sum of Ranks
4+5+6+8=23
1+24+3+7=13

A3EZH Treatment
ToZ B No weeds
4B Weeds

Afirh, Wo=23 (LL “ToaRE” HNE—HEAD.
In this example, W = 23 (taking the "No weeds” group as the first sample).
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2.4 EHEESTS51HE The Exact Sampling Distribution and

Calculation
2.4.1 WEBHSTH

o (EJRARBCR, BATATLOER S A T REA G THERRAIIF e AR R A
il (R A 3 A7
We can build up the exact sampling distribution under the null hypothesis by listing

every possible combination, calculating the rank sums, and counting the frequency.
o SI& Steps:

1. MEEFTA AT BERIRR 2 AL & . TAFENRARMR: &4 4 DSWIME, AT 2
WP Cg =70 FhéE . anREA 12 A UINMEE ?
Enumerate all possible combinations of ranks. The workload explodes fast;
with 4 obs in each group we are facing C¢ = 70 combinations to work with.

How about 12 obs in each group?
2. THHEEEMAS T —FEARA W,
Calculate the rank sum W for the first sample in each combination.
3. AN W LA T L IR LS H A 2
The probability of any rank sum W is the number of occurrences divided by

the total number of combinations.

o XADARRTHDFERE ny A ngo

This distribution depends on the two sample sizes ny and ns.

2.4.2 REITE

B o It ERA

NTF ng =4,n, =4, AR RRINIKREAEFHEE “exact” TIERF . R A RHI
.

For ny = 4,ny = 4, all possible rank combinations are stored in the "exact” sheet.

Example R code:

nl <- 4 # size group 1

n2 <- 4 # size group 2

N <- nl + n2 # total number of subjects

rankMat <- combn(1:N, nl) # all possible ranks within group 1

LnPl <- colSums(rankMat) # all possible rank sums for group 1

write.csv(rankMat, "sampling.csv") # export combinations to excel
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.15

Fraction

.05

1b 1‘5 2ID 2I5
Rank Sum
TEZ AT F A, BAFEIFRA W = 23, RIEFEH AR, TATTLIHE P(W >
23).
In the previous example, we observed W = 23. Based on the exact distribution,

we can calculate P(W > 23).

o MEAREMSMIINE uw =18, WEE o = 3.464,
The exact distribution has mean puy = 18 and standard deviation oy =

3.464.

o TE 70 FhH A, BRAKTFEEET 23 WAAH 7 Fh.

There are 7 combinations with rank sum greater or equal to 23.

o [Fit, B P P(W >23)=7/70=0.1.
Therefore, the one-sided P-value is P(WW > 23) = 7/70 = 0.1.

2.5 Eip{ESFREZE Theoretical Mean and Standard Deviation

o W MPEARRIIEZCE D BN ny 1 ng, EHIE N = ny + nge

Suppose two samples have n; and n, observations and N = n; + no.

o E—FEARRIFRA W BN Wilcoxon #RAIGE 1T & .

The sum W of the ranks for the first sample is the Wilcoxon rank sum statistic.

o WERMA SR BA MR BNESE AT URARBO, W W B EEMEREZE

If the two populations have the same continuous distribution (the null hypothesis),
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2.6

2.7

then W has mean and standard deviation:

pw = ————
2
nlng(N—l— 1)
wENTT

#S & Note on Derivation: A:UHETW KA GE . TEANE A W e 4 2E
Bl i “45” (ties) AIZFEAHKRICHR (https://www.stat.berkeley.edu/).
The algebra of how to derive the puy and op can be found in the literature. The

website also gives a more detailed discussion of how to deal with ties in the data.

1IF7S1A{il The Normal Approximation
BEE P MEARERIG I, FRMGTEE W B miE T IES 2.

The rank sum statistic W becomes approximately Normal as the two sample sizes

increase.

FATAT LB AR W ORMIE 2 SRt &
We can form a z statistic by standardizing W:

A =
ow Vina(N +1)/12

SR PR IES it & P 1H.
Use standard Normal probability calculations to find P-values.
P@eE E K= 2R Continuing the Corn Yield Example:

23 — 18
= ~ 1.44
“ = T3464

PP AE = P(z > 1.44) = 0.0749

fi FHIEZSIEALR Wilcoxon BRI A B L4 F8 Mann-Whitney U #&38. iX
PI RS A BT S ), RSt R R TE AN

The Wilcoxon rank sum test with a normal approximation is sometimes referred
to as the Mann-Whitney test. The two tests are essentially equivalent, differing

only in the form of the test statistic.

RIT R RIE S &% Hypotheses
S BRI (1) 20 A L 25, AR IEE A4

Nonparametric tests detect differences in distributions, not just means or medians.

10
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o HAIRIA Typical Formulation:

— Hy: WASEARE A A
Hy: The two distributions are the same.
— Hy: —/RERRE RGO T 55— k.
Hiy: One distribution has values that are systematically larger. (This is a

location shift alternative.)

o BEWIEE Intuition: VAL K=& ANE, W X, NEAEFEE, X, NERES
. “RGME R mSE, N TEE SR BE (Bl 160), JoisE il
SUREACTEIENE 2 SN S = v s S UREA T () 7z
Let X, be corn yield with no weeds and X, to be corn yield with weeds: "system-

atically larger” would mean that yields higher than a given value (say 160) should
be more likely in weed-free yields. P(X; > 160) > P(X, > 160).

o XTH{EARIEZ Hypotheses about Medians:

— JFRBIFA g & KT AR P AL AR S
The hypothesis is not necessarily about population medians.

— WEEM T — MR R E— BN BN s AR EEN, fES
Kk 56 7 nl DLSE O Hi e i o i A B A 5
Only with an additional assumption: both populations must have distributions

of the same shape, the hypotheses can be stated in terms of medians:
Hy : median; = median, vs H; : median; > medians

— FESEEH, @SR R T AT RIR Y, AR IR AR
In practice, it is recommended to express the hypotheses on the distributions

in words.

2.8 SLfl5HHE#HY Example and Software Output

2.8.1 Zx3JF: TNk ORI EE]E Practice: Numbers of rooms in top spas

##E Data:

o AN GRS OBENLIEZEL 5 4>): 552, 448, 68, 243, 30
Group A (5 spas randomly selected from top-ranked spas): 552, 448, 68, 243,
30

e B4 (KA /KITH ). 329, 780, 560, 540, 240

11
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{£%% Tasks:

A and Group B.

late the value of W, the test statistic.

fH.

4. R THASR?
What do you conclude?

Group B (from the lower-ranked spas): 329, 780, 560, 540, 240

LR A IE &2, SIH A 418 B iRk,

Rank all of the observations together and make a list of the ranks for Group

2. MR M5 SE M BRSO - BB, TR AR ST E WO RE.

State appropriate null and alternative hypotheses for this setting and calcu-

3. W pw, ow FRRHELIIBRA G & 2. 2R)R MM AT gy ik lry P

Find pw, ow, and the standardized rank sum statistic z.

approximate P-value using the Normal approximation.

Then give an

2.8.2 Stata 4 Stata Output

Stata 4R

Ho: room(group==A) = room(group==B)

z = -1.358

Two-sample Wilcoxon rank-sum (Mann-Whitney) test

group | obs rank sum expected
_____________ +-——————— e ——
A 5 21 27.5

B | 5 34 27.5
_____________ +_________________________________
combined | 10 55

unadjusted variance 22.92

adjustment for ties 0.00

adjusted variance 22.92

12
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AR
TR

Note: Stata 16 also reports the exact p-value in its output for small sample sizes.

Prob > |z| = 0.1745

%1% Interpretation:

Ph A HNEE—REAR, HBRR W =21, WIEBA uw = 275,
Taking Group A as the first sample, its rank sum W = 21, expected rank
sum py = 27.5.

B ETTEN 22.92, 8§ ow = v/22.92 = 4.787.
The adjusted variance is 22.92, so oy = v/22.92 =~ 4.787.

PG & 2 = (21 — 27.5)/4.787 ~ —1.358.
The standardized statistic z = (21 — 27.5)/4.787 ~ —1.358.

XM P AE = 0.1745,
Two-sided P-value = 0.1745.

e EFEAMEZMARFE (W1 0.05) &, WHEWHIESIEL R R, BIA
BEA DYWL K ST A O ) s (B U AT A AE R G MEE S

Conclusion: At conventional significance levels (e.g., 0.05), there is not
enough evidence to reject the null hypothesis. We cannot conclude that
there is a systematic difference in the distribution of room numbers between

the two groups of spas.

Stata 16 N 3E iR A/ MEARBIR G FEH P 1H.

2.9

38 “45” (Ties)
I DU FIEUE R, B2 <457,

Ties occur when observations have the same value.

trEMCE Standard Practice: KA tied EIR T ST & A7 & 15k

Assign all tied values the average of the ranks they occupy.

~f5l Example:

WM{E Observation | 153 | 155 | 158 | 158 | 161 | 164
& Rank 1 2 135135 5 6

13
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o XTHIGAYSME Impact on the Test:

— WMREHE /eSS, Wilcoxon BRFGi1H& W BRI A1 2 kAR, FrifE
% ow WABT I .
The exact distribution for the Wilcoxon rank sum W changes if the data

contain ties and the standard deviation oy must be adjusted.

— FESEEH, WOREIE S Y, FFEM AT A Gt e g, Bt
AT EERIEE, IR AL
In practice, software is required if you want to use rank tests when the data
contain tied values. Statistical software will detect ties, make the necessary

adjustment, and switch to the Normal approximation.

Two-sample Wilcoxon rank-sum (Mann-Whitney) test

Major obs rank sum expected
Business 25 463 575
Non-Bus 20 572 460
combined 45 1035 1035
unadjusted variance 1916.67
adjustment for ties -9.85
adjusted variance 1906.82

Ho: Tenure(Major==Business) = Tenure(Major==Non-Bus)

z = =2.565
Prob > |z]| = 9.0103
Exact Prob = 0.0095

2.10 [A$FIE A Little Bit of History

« Frank Wilcoxon (1892-1965) HATER /K=, RERZEEAN. FENFET
ZRIPNY CERFERME R MIERERIE R WASMRIEAD 5, fhEE T
A, AED RIS R R IR AL, HEZ K A E TAE.
Frank Wilcoxon (1892-1965) was born in Ireland to American parents. After
working in various occupations (including merchant seaman, oil-well pump
attendant, and tree surgeon), he settled in chemistry, gaining degrees from

Rutgers and Cornell and employment from various companies.

o EENFRB TR RFN TR, Wilcoxon T 1925 FFFFLEXFGit 7= 4%
B, IEXHAES O M T LB Tk, AT FRIR S, ArE 2 Bl

14
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MALRZFHIR G HE L.

Working mainly on the development of fungicides and insecticides, Wilcoxon
became interested in statistics in 1925 and made several key contributions to
nonparametric methods. After retiring from industry, he taught statistics at

Florida State until his death.

o A RZHCHRLL Wilcoxon. Mann Ml Whitney B4 7y 422 X LA 56 . SR1M,

Rk AE 20 D 40 FAK 50 FARIBHAD LA RT T H MALIR . BR
7 Wilcoxony Mann ! Whitney, Zj57 M IHT Festinger (1946). Whitfield
(1947). Haldane #1 Smith (1947) LA Van der Reyden (1952).
The great majority of the literature names these tests for Wilcoxon, Mann,
and Whitney. However, they were independently developed by several other
researchers in the late 1940s and early 1950s. In addition to Wilcoxon, Mann,
and Whitney, credit is due to Festinger (1946), Whitfield (1947), Haldane and
Smith (1947), and Van der Reyden (1952).

« Leon Festinger (1919-1989, W\ AI’K 2 i2) . John Burdon Sanderson Haldane
(1892-1964, FH{AEfE %) F1 Cedric Austen Bardell Smith (1917-2002, 4tit
WAL AE) RIHAD TAETIE 44, {H5¢T Whitfield B¢ van der Reyden HI{5 SBA
FHIZH A
Leon Festinger (1919-1989), John Burdon Sanderson Haldane (1892-1964),
and Cedric Austen Bardell Smith (1917-2002) are well known for other work,
but little seems to be known about Whitfield or van der Reyden.

o Y 5T1E 2% Berry, Mielke, and Johnston (2012).
For a detailed study, including information on these researchers, see Berry,
Mielke, and Johnston (2012).

3 Wilcoxon FFS##€IE (BL3f#£AX) Wilcoxon Signed
Rank Sum Test

3.1 EAHZ5E
o TR AR REATEY, 0 2 (AT HENT

The rank test for the matched pairs setting: inference on the differences.

« = Example: FCEPFPECE A DA JLE B IR SCF R S 1
B, W 2 AE R RN AT 4

15
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3.2

Compare storytelling with two input methods: story 1 was only read to them, and

story 2 had been read but also illustrated with pictures.

JLE Child 1 2 3 4 5
i 2 943 Story 2 Score 0.77 | 0.49 | 0.66 | 0.28 | 0.38
i 1 189> Story 1 Score 0.40 | 0.72 | 0.00 | 0.36 | 0.55
#{d Difference (Story 2 - Story 1) | 0.37 | -0.23 | 0.66 | -0.08 | -0.17

PAVEFER B2 B HGE T ILERE RS HE.

We wonder if illustrations improve how the children retell a story.

1% Hypotheses:

— Ho: PIRPECRRI N TR AR 7> 0 A A A o

Hy: Scores have the same distribution for both stories.

— Hy: #3 2 W0 Rgitm T 1.
Hy: Scores are systematically higher for Story 2.

KN TSBRERITE
TR AR ZME D, .
Compute the difference D; for each pair.

B EEIIFT 5, WHLEXE |D;

Ignore the signs and take the absolute values | D;|.

o

R AT X E NN BIRHE, PRI (1 2 ).

Rank all absolute differences from smallest to largest, assigning ranks from 1 to n.

W ok LI AR ZEE A I R AR S 2 X (B AR RR AR H

Mark the ranks corresponding to positive differences.

e gtit R W NIEZEE IR
The test statistic W is the sum of the ranks for the positive differences. (One

could also use the sum of negative ranks, or the difference between the two.)

16
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3.2.1 wBFHE
HMERBTE

EEBEXEHF Ranking Absolute Differences:

FEENKIMA: Wr=4+5=0.

The sum of ranks for positive differences is: W+ =4+5=09.

A5 %H{E Absolute value | 0.08 | 0.17 | 0.23 | 0.37 | 0.66
& Rank 1 2 3 4 5
JR46 775 Original Sign | - = - + +

3.3

3.4

BRI THITASHER? S
A SR ECRS AIAS [F) AL BRANSZ 0 B S ) AT R, I8 A B RN IE B A R
REAE 1/2,
If the distribution of the responses is not affected by the different treatments within

pairs (the null hypothesis), every rank has a 50/50 chance of being positive.

WA AT RERIE S o ieH S Gt 20 B, HEERAES TR W, "R
R W FEIRAR T HIRE 1 23 A o

The exact distribution of W+ under Hy can be derived by enumerating all 2"
possible assignments of positive/negative signs to the ranks and calculating W for

each.
Wilcoxon fF- 5 #k kI fERRAN W i S HIMERS, 1548 “Bexf W ERGMZER " 1)
1B -
The Wilcoxon signed rank test rejects the hypothesis that there are no systematic

differences within pairs when the rank sum W is far from its mean.

IEASIEAA
UREACR n (BUOECRD BORRS, W B MANEMIES .

The distribution of W under H, becomes approximately Normal as the sample

size n becomes large.
W FEJR R I BHME AR HEZE
W has mean and standard deviation under Hy:
nn+1
NW+:,1_Z_2

17
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B \/n(n +1)(2n+1)
ow+ = 24

H n RZEMEIRFRN 78 GEE ZIEZE N 0 B-IXT).
where n is the number of pairs with non-zero differences (pairs with D = 0 are
usually dropped).
o« PG
The standardized z statistic:
w+ — Hw+

Ow+

z =

o WMERBHE: n =5 uwr = 5x6/4 =75 op+ = /(Bx6x11)/24 =
/330/24 = \/13.75 ~ 3.708.
Story example calculation: n =5, uy+ = 5x6/4 = 7.5, oy+ = /(5 x 6 x 11)/24 =
V/330/24 = /13.75 ~ 3.708.

9-175
_ ~ 0.404
7 3708

PW*T >9)~ P(z > 0.404) = 0.343
KA P AR ZEBOK, B A S IR R B 6 B g Rt w1570

This is a one-sided P-value. The value is large, so there is not enough evidence

that illustrations systematically improve scores.

3.5 KB “4L” 5FZE{E Ties and Zero Differences
o FFAAIR “45” Two Types of Ties:

1. BXHE8A4E Ties among absolute differences: Ab¥ 7775 5 R ARG 36
FEEL, TRk

Handled by assigning average ranks.

2. BEXIARNEE (E{EAZE) Ties within a pair (difference of zero): Z{H A
TREABUE WA . FRAERE A2 (A7 SR R X R B AREAS P 5 B o SR T
it 2 M FEZEE AL RImm & BB A ? BUONIRA IR 2 FZE 15
bR, T RAERZEME P IECS AN R A R I KRG, A iniE
“44 Hy HFIPl= .

A tie within a pair creates a difference of zero. Because these are neither
positive nor negative, the usual procedure simply drops such pairs from the
sample. However, too many zeros would bias the result toward the alternative.
Why? Because dropping many zero differences may leave a sample where the

remaining signs are more easily imbalanced.

18
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o WEZE oy AT EEHEAT IR . BT B3R

The standard deviation o+ must be adjusted for the ties. Software will do this.

3.6 IR Software Output Example

AEEEIRAE

BHEe: WEREFEE, 1= &AM id, 5= mifd. WRKINESEREZE,
Background: Cars’ comfort survey: 1=least comfortable, 5=most comfortable.

Comparing European vs American cars.

Wilcoxon signed-rank test

sign | obs  sum ranks expected
_____________ o
positive | 17 259 161
negative | 6 63 161
zero | 2 3 3
_____________ o
all | 25 325 325
unadjusted variance 1381.25

adjustment for ties -89.38

adjustment for zeros -1.25

adjusted variance 1290.62

Ho: European = American
z = 2.728

Prob > |z| = 0.0064
Exact Prob = 0.0048

fi#i% Interpretation:

o BRIHECN n=25-2=23 FIKRT 2 MEENZHEI).
The effective number of pairs is n = 25 — 2 = 23 (2 zero-difference pairs

dropped).
o IEZEKFRM W = 259,

The sum of ranks for positive differences W+ = 259.
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o HHEERAA py+ = 161,
Expected rank sum pp+ = 161.

o VAEEJE T EN 1290.62, W o+ ~ 35.93.
Adjusted variance is 1290.62, so oy + ~ 35.93.

e 2= (259 — 161)/35.93 ~ 2.728.
z = (259 — 161)/35.93 ~ 2.728.

o XU P {H = 0.0064 Ck&#f P 1 = 0.0048).
Two-sided P-value = 0.0064 (Exact P-value = 0.0048).

o LGP 7E 0.05 BEMEAKPT, B4R AR EFIERE RPN ESEE
FEHIEFE VR e E R (WNBHEE, BNETED FTRERE &)
Conclusion: At the 0.05 significance level, we reject the null hypothesis.
There is significant evidence that the distributions of comfort ratings differ
between European and American cars (the data suggest European cars may

be rated higher).

AR Stata LPs EEH W — W AENRERSHE, (HXRRER A .

Note: Stata actually uses W+ — W™ as the test statistic, but it is just numerically

different and has no impact on the test outcome.

4 FFS#IE Sign Test

4.1 FEAKR#EZ
o —PHEBRAAESERR IS, G TR A BN R I B

A simpler nonparametric test for one-sample or paired-data settings.

o CRAZERKR (ESE7S), ZEH KN,

Uses only the direction of differences (4 / -), ignoring magnitudes.

o It E Test Statistic: IEEFIINME (FEFIBRZEEN D =0 25D

Number of positive differences, after discarding D = 0 ties.
. 1% Hypotheses:
Hy:Pr(D>0)=Pr(D<0)=0.5
Hy:Pr(D>0)#05 (B) =i Pr(D>0)>05 (&)
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4.2

4.3

FEREBCN, giitE (EEREDE ST IR T4 Binomial(n,0.5), Hi n
REAEFZE IR T4
Under Hy, the statistic (number of positive differences S*) follows a Binomial(n, 0.5)

distribution, where n is the number of pairs with non-zero differences.

{AIRt{£ A} When to Use
EFHNXKNAAZSORBEEXET (Flan, WFEHE).

When the magnitudes of differences are unreliable or not meaningful (e.g., ordinal
data).

FEBINRBERZMPORE . £ 58500 7 % (8 58 2 A UK.
In the presence of strong outliers affecting ranks. The sign test is completely in-

sensitive to outliers.

TE8 Wilcoxon £ 5 BRAS 58 (1) — 4> BE AR g (B h OB AR R & AT i

As a more robust but less powerful alternative to the Wilcoxon signed-rank test.

w1

rZa gl =

B =)

WHI AT SR, A 5 ANJLE, ZME 2 A8 +0.37, -0.23, +0.66, -0.08, -0.17.

o BIBRZEENFRNNT: EKEHEE.
EERANE ST =2,

e N =>5,
o BB Hy:p=05, i p RHILIEZER IR,
o HEBW H, p> 05 GREBEEEES.

e« PE=PST>2|n=5p=05=1-PS*<1)=1-[PS" =
0) + P(ST = 1)

o RN AE: P(ST = 0) = C2(0.5)° = 0.03125, P(S*t = 1) =
C4(0.5)° = 0.15625.

o FTLL P fH =1 — (0.03125 + 0.15625) = 0.8125.,

A PAEAER K, 1@ KT 0.05, PIEBCA UEHE SO & BB TER, A EE Wilcoxon
oA RIN P E (£ 0.343), fF5fim PEER, WIHHIIREMR, K
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REH IR ZE RN EEHIER.

This P-value is very large, far greater than 0.05, so there is no evidence to support
the alternative hypothesis. Note that compared to the P-value from the Wilcoxon
signed-rank test ( 0.343), the sign test’s P-value is larger, indicating its lower power,

as it fails to capture information contained in the magnitudes of the differences.

5 MHA. b5 A% Applications, Comparisons and

Summary

5.1 FEIRF#IELANA Application on Ordinal Data

IE AR R

Ba: —XHIAAFTHRIMES —Fhg i R . BEYLEE 30 A, Hd 15 AMRH
Hribgmz, 15 NIRRT EIVLAR. 57 Rt an i

Background: A pharmaceutical company is planning to test a new painkiller. 30
people were randomly selected, of whom 15 were given the new painkiller and 15

were given aspirin. Effectiveness rating:

o 5= IREA R

5 = The drug was extremely effective.

o 4= ZMMBE R

4 = The drug was quite effective.

. 3= SRR,

3 = The drug was somewhat effective.

o 2 = VIR R
2 = The drug was slightly effective.

o 1 =HWREET

1 = The drug was not at all effective.
Wilcoxon FFI#EILER Wilcoxon Rank Sum Test Results (Stata fiit):

Two-sample Wilcoxon rank-sum (Mann-Whitney) test

Drug | obs rank sum expected
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Aspirin | 15 188.5 232.5

New | 15 276.5 232.5
_____________ +_________________________________
combined | 30 465 465
unadjusted variance 581.25

adjustment for ties -28.45

adjusted variance 552.80

Ho: PainLevel (Drug==Aspirin) = PainLevel (Drug==New)

z = -1.871
Prob > |z| = 0.0613
Exact Prob = 0.0673

AR ¢ #I0%4ER Two-sample ¢ Test Results (XfLt):

Two-sample t test with equal variances

Group | Obs Mean Std. Err.  Std. Dev. [95% Conf. Interval]
_________ o
Aspirin | 15 2.933333 .3157254 1.222799 2.25617 3.610497
New | 15 3.8 .3265986 1.264911 3.099516 4.500484
_________ o
combined | 30 3.366667 .2372415 1.299425 2.881453 3.85188
_________ e
diff | -.8666667 .4542568 -1.797169 .0638361

diff = mean(Aspirin) - mean(New)

t = -1.9079

Ho: diff = 0 degrees of freedom = 28

Ha: diff < 0 Ha: diff != 0 Ha: diff > 0O

Pr(T < t) = 0.0334 Pr(IT| > |t]) = 0.0667 Pr(T > t) = 0.9666

T 5171 Analysis and Discussion:

o BPfifEeH 1A 15 NUIIME, BIFEA ¢ 150 P AE G 0.0667) 5 Wilcoxon
e P A (0.0613 B 0.0673) AEH AHALL.

Even with only 15 observations in each group, the P-value for the two-sample
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t (two-sided 0.0667) is very similar to that for the Wilcoxon test (0.0613 or
exact 0.0673).

o ¢ ARERRMTNAE 1 B 5 MONAE R CHIECT . AR, KRN EE, “ARIH
7 CHBER” ZIZE 5] RS HAR SR 4% 2 18] i 22 e AN AR ] o
The t statistic treats the response values 1 through 5 as meaningful numbers.
However, it is ordinal data and the difference between “extremely effective”
and “quite effective” may not be the same as the difference between the

other two levels.

o BNV BERAE A A B I E R B ¢ k.
Some practitioners avoid using ¢ procedures when there is not a fully mean-

ingful scale of measurement.

o ARG I A5 FH o N FR G, T R N i S e AN e TG R B e RHR B G, TRl
PR Ie 71X B2 G Y
The rank test uses only the order of the responses and the responses are

arranged in order from least to most effective, so the rank test makes sense.

o L5 AT, WAL B S8 — 3 (£ 0.05 K EARE).
{825 18 2 B0 WO 14 57, Wilcoxon RRAIRG L6 A AE 2 5 Aid e B¢
Conclusion: In this example, both tests lead to the same conclusion (not
significant at the 0.05 level). However, given the ordinal nature of the data,

the Wilcoxon rank sum test might be the more appropriate choice.

5.2 ARG5S t #£1GAIEEEE Comparing Rank Tests with t-tests
o IHEAREIEIEZAS Small samples and non-normal distributions:
— YRR RN Hom IR FMEAEIEZSE, Wilcoxon F 46 FE R FEA ¢ A58 B AT
5.
When our samples are small and show non-normal distributions of the same

shape, the Wilcoxon test is more reliable than the two-sample ¢ test.
« 1EHATEE Scope of application:

— FETRREHEWEAR KARRE LR IR T R B E . IR TEHERT AT LAY e 211 52 2%
SR 2 o R A 07, RS ER 5 AT .«
Inference based on ranks is largely restricted to simple settings. Normal in-

ference extends to methods for use with complex experimental designs and
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5.3

multiple regression, but nonparametric tests do not.

I F##E Ordinal data: W _EFIFR, XTTI0TFEE, iR AEMES EHEAE.
As shown in the previous example, for ordinal data, rank tests are conceptually

more appropriate.

Ih3 Power: 41 FH 45 A SR BT ADUIR A TEZS 704, ¢ or B0 E 0k B2 A A
B TRk S o G SR ™ B O B RS, RIS P A8 DS

If the data are indeed Normal or approximately Normal, the ¢-test is generally more
powerful than the corresponding rank test. If the data are severely non-Normal,

the rank test may be more powerful.

IEERICAYIE S RN Guidelines for Choosing a Test
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Rank Tests

ZfEREZE Considera-

tion

MAZERSHELE W0 ¢

¥ ¥) Prefer Parametric
Test (e.g., t-test)

MEZEERESHRE (W
#%#859%) Prefer Nonpara-
metric Test (e.g., Rank
Test)

FEA T Sample Size

KEEA (CQnBF2H n > 30D, A
M RO R PR 2 B . Large
sample (e.g., each group

n > 30), can rely on CLT.

NFEA, BIGIER IR
Small sample, and cannot

confirm normality.

#4570 41 Data Distribu-

tion

HE B plEs (AriE
Q-Q K. HEEK
%) . Data appear approx-
imately normal (checked by
Q-Q plot, histogram, etc.).

B EAEIES O™ E
& B AFAE N I R
f£) . Data are clearly non-
normal (severely skewed,
multi-modal, extreme out-

liers).

AN Data Type

ES Y, HNsE R
ZERR G EE A ). Continuous
data with interval or ratio

scale.

JIi 7 %P (Ordinal Data) ,
B 2 H A H ) & RO AN
F&fi. Ordinal data, or con-
tinuous data with imprecise

measurement scale.

50 %1t Research De-

sign

i E Y e B B R A Y
(4 ANOVA, [EJ3). Need
to extend to more complex
models (e.g., ANOVA, re-

gression).

AN HEAT 87 R 1 2HL 1] L2
Only simple group compar-

isons are needed.

S A Outliers

B b A B8R > i
PRI 7% E . No or few ex-

plainable outliers.

FHAE 2 S H e, B
5 B R B BR o Pres-
ence of multiple extreme
outliers that cannot be rea-
sonably explained or re-

moved.

77 Z 5% M Homogeneity

of Variance

ST PRREA ¢ #0596, W Ty
Z 5, AT LMEH Welch 2
1Eo X FRRARELS, ASER
T T, AHER AR TR
AH R A RE AR AL BTG

% 2: W7 1EIE RS Guidelines for Test Selection

26




Applied Statistics Rank Tests

AEZLANSHE2 245 Summary of Key Formulas and

Concepts

Wilcoxon #F1#&1E (Mann-Whitney U #&5%)

Rz WAMSLREA RN B L.

Settlng: Comparison of two independent samples.

[RIR& Ho: WIS EMAR 704 AR TR .

Hy: The two populations have identical distributions.

BERE H: —DEERERGH KT 51— (S AR,

Hi: One population’s values are systematically larger than the other’s (or distri-
butions differ).

RSt E: W = B AR,
Test Statistic: W = Sum of ranks in the first sample.

WEFREE (K&, H) T):

NW:nl(N—i_l), ow = TL17712<]\[‘|—1)7 N:n1+n2
2 12
IEZSIEL o
= LTIV UN(0,1) (RREARHT)
ow

iriy 3

Wilcoxon fFF5#018

ERTR: BOWFEAS B FEA B B AL

Setting: Paired samples or one sample.

[RRIE Hy: ZAESRKI A ECN 0, B A #R .
Hy: The median of the difference population is zero and the distribution is sym-

metric.

RISGEHE: W — EAEIRA

Test Statistic: W+ = Sum of ranks of positive differences.

WEFIREE (R4, Hy T, PREEENNTH 1):

P n(n4—i— 1)’ S \/n(n + 12)§:2n +1)
A -
2= O_;’“‘W* ~ N(0,1)  (KFEA)
W+
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BRCEEm
o ERBR: BOSFEARBCERREA, OGTTH .

Setting: Paired samples or one sample, only direction matters.

o R Ho: IEEMEIIMEZR p = 0.5,
Hy: Probability of a positive difference p = 0.5.

- BEGITE: ST = ERENNE Gk D=0,
Test Statistic: ST = Number of positive differences (discarding D = 0).

o WS ST ~ Binomial(n,0.5), H n AT EMEEINFH.
Exact Distribution: St ~ Binomial(n,0.5), where n is the number of non-zero

difference pairs.

XT “45” (Ties) BYALIE
o HEFRT: T tied values “F¥Fk.
When ranking: Assign average ranks to tied values.
o HFEEE: X T Wilcoxon £, W#EZE ow M ooy T EEN ST IHE. Al
B, H AR SE R
Variance adjustment: For Wilcoxon tests, the standard deviations oy and op+

need to be adjusted for ties. Formulas are complex; typically done by software.

o FEME: ERRIET, BRSO E ORI

Zero differences: In paired tests, pairs with zero difference are usually dropped.

KE#ZzDES Core Takeaways

- ESRRWHROMBETHREME: BN BT S0 A 1 B4
CAIIEZSTED, Xf W AU, & T s AN
The core strength of nonparametric tests lies in their robustness: They do
not rely on specific population distributional forms (e.g., normality), are in-

sensitive to outliers, and are suitable for ordinal data and small samples.
o IFHRIREFERLS:

— PAMSIAEA — Wilcoxon FRAIREL: (Mann-Whitney U £545)
Two independent samples — Wilcoxon Rank Sum Test (Mann-Whitney
U test).

— BCXTHEAR — Wilcoxon -5 FRALIG BT S AL o
Paired samples — Wilcoxon Signed Rank Test or Sign Test.
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— P St de B RARAE, (EIRERIR: Wilcoxon £S5 MRAGIR A 1K/
5R, UIRCES.
The Sign Test is simpler and more robust but least powerful; the
Wilcoxon Signed Rank Test uses magnitude information and is more

powerful.
o IBRRRRIN:

— FRAR 56 1) BR AR BOE H A2 PN AT AR R, T AR H A R A
RATEMIN “ AR BERE TS, A ReBAn E (P A0 &
o
The null hypothesis of the rank-sum test is typically "two distributions
are identical”, not just equal medians. Only under the additional as-
sumption of "same distribution shape” can it be interpreted as a test of

location (median).

— EEXI SRR A AR G T Wilcoxon £F 5 HEEa 5 ) o
Paired tests assume the distribution of differences is symmetric (for the

Wilcoxon signed-rank test).

o BRHFSEIN: BARGIHERME (W0 Stata, R, SPSS) ] LA JT i b AT I £ 4G 56,
I EH B BREE I AR AR P (A .
Software Implementation: Modern statistical software (e.g., Stata, R,
SPSS) can easily perform these tests, automatically handle tie adjustments,

and provide exact P-values.

o & ESHIAYE 7GR CBERN) DUREAR A, PR
i /2 2 B I BN, ST Ih O] RERUR . R rh . NARYE BdlE Ry
AEARIF i) e T4 L 228 AL 00 7 95
Trade-off: Nonparametric tests sacrifice some information (magnitude) for
robustness, thus they may have lower statistical power when the data meet

the assumptions of parametric tests. In data analysis, the choice of test should

be made carefully based on data characteristics and research questions.
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