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1.1

1.2

5|15 : EHHEFESAEN Introduction to Resampling
Methods

HE 5% 138954 The Revolution in Computing and Statis-
tics

*Z‘EA\AEI‘_;E\jL\: @)EHj(%i‘[‘ﬁﬂ%%?ﬁéﬁi‘l‘iﬁg?m*iﬁﬁo

The core idea: apply large amounts of computation to find sampling distributions

of statistics.

MRS T BB TR 20 A0 )5 S, I ASEADL B AL AR e A R 5L
Conceptually simple: directly based on the definition of the sampling distribution

to mimic the random process of sampling.

FHRE 23 A U5 T SR Sl ) VE 2 AT REREAS, DR AT T e KRS i B 22
“HANEE FEAR “fih” e
The sampling distribution results from many possible samples from the population,

é« . » . . (13 ”»
so we “estimate” it using many “resamples” from our data.

FEREHITIERE ) (KREREE) T, BTG E B HER .
With sufficient computing power (lots of replications), resampling methods are more

accurate than traditional methods.

ERIA=5E When to Use and Advantages

REFEBRENHERFERER: fl, X THhEFEARERERSEE, FH ¢
(EEIN NPT
Useful in settings where assumptions for traditional methods are not met, such as

t test for strongly skewed data with modest sample size.

BB RESGER G ENGITE: GlUEZ . AnE Y TS Ltk T
AP OR

Or for statistics where no simple traditional inference method exists like a ratio of

means, such as the ratio of average men’ s salary to average women’ s salary.

S EAESH IR : FEARE R EOREEE &k H SRR BENUREAS, AR
Sl AR IR AN TE 285 73 A1 B H A 23 A AL
Resampling methods require random samples from the population. There is no

need for Normality or other distributional assumptions for the population.

AfhE AR
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2

2.1

— BBIE Bootstrap: ittt fhiFE 47 .

Bootstrap = estimate sampling distribution.

— EMWE Permutation test: 15 WLV I I HES TR B KL

Permutation test = test hypotheses under rearrangements allowed by the null.

BENE (Bootstrap) HIEZAEZE The Bootstrap Idea

U A

o FHFE AR T M AR R EE LA R AR, BRI AR B SRk
BUE.
Sampling distribution comes from the process of random sampling from the popu-

lation, so we use “resampling from data” to approximate it.

3l WY Facebook M ABERM YIS H] . B4, HRA 21 DOIMME,
IS A ¢ T EA S .
Example: Average time looking at a Facebook profile. The data are skewed to the

right. With only 21 observations, concerns about using the ¢ procedures.

Percent

10 15 20
Time (in minutes)

KBEIL: JEURFEASS IR A 1SR AR

The original sample is representative of the population from which it was drawn.

MIZAS JRIEREA B fhAE, AR T RIS T il B 20 B AR 2 HH I AR
st
Resamples from this original sample represent the pattern of variation if we took

many samples from the population.

B, it Ef) B IE AR TGt 2 R Ah .
Thus, the bootstrap distribution of a statistic represents the sampling distribution
of the statistic.
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2.2

2.3

Bt LT The Resampling Step
[ BE NBAT A B th RV 2RI

The bootstrap starts by resampling many samples from the data we have.

HYR 1. FiheE. AT E S AR AR V2 A A AR
ARG SR ARBEH LA AH ] o
Step 1: Resampling. Create many resamples by repeatedly sampling with re-

placement. Each resample is the same size as the original random sample.

3.77 0.23 5.08 4.35 8.60
Mean = 4.41

l

3.77 0.23 0.23 4.35 4.35 3.77 4.35 0.23 8.60 8.60 8.60 3.77 0.23 5.08 5.08
Mean = 2.59 Mean = 5.11 Mean = 4.55

BiEl4# Sampling with replacement: M JEUH A AL 30 E— AN IE
Je s FEFHUT —ASULIAE 2 AR R E]
After we randomly draw an observation from the original sample we put it back

before drawing the next observation.

A AR X0 L AT R T BE AR 22 X H

Any number can be drawn more than once.

URARRH TE IR, BATRAS R ST da M R A —H 8y, AR ASE CRI
HE—HEBD.

If we sampled without replacement, we’d get the same set of numbers we started

with, though in a different order (i.e., a permutation).

BHE1;%977% The Bootstrap Distribution
SuitE 1 H BN AR S T BTA AT RAH [F KN AR A P S I

The bootstrap distribution of a statistic summarizes the values of the statistic in

all possible resamples of the same size.

FETREHREMFE (FI 3000 20O, FRATAT AL HBRE AT K, et 7o Tk
FE AT RN RS R
Based on many resamples (e.g., 3000), we plot the bootstrap distribution, which

gives information on the shape and variability of the sampling distribution.

F2IR Shape: HBWWEDATE R EGL RS (RIS E 20 K.

The bootstrap distribution is often nearly Normal.
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Huls Center: HINWZED G LUFIRFEAGTHE (B0 2) s, AR EESE

MO
The bootstrap distribution is centered at the value of the original sample statistic

(e.g., T), not the population parameter f.

T2 M Variability: HBES AR HEZETCA BBERREIR (bootstrap stan-
dard error).
The standard deviation of the bootstrap distribution is called the bootstrap stan-

dard error.

S518ipmiE s mAIXFR Relationship to Theoretical Sampling
Distribution
H B2 oA BV T 5 G 38 B R B R o A VB AR LI o
The bootstrap distribution created by resampling matches the properties of the
sampling distribution suggested by statistical theory.

%1, 7E Facebook B [EZRfIH, n =21, s=5.65.
For the Facebook time example, n = 21, s = 5.65.

— HUL AR PR E FRLA M AIRRHE R T s/v/n = 5.65/v/21 &~ 1.23.
The CLT-based estimated standard error: s//n = 5.65/v/21 ~ 1.23.

— BERERMER (BT 3000 REMFL THEOY 1.22, PEAREIRIL.
The bootstrap standard error (based on 3000 resamples) was 1.22, very close
to 1.23.

ERHERENE RN ElH A AE AR 2
The great advantage of the resampling idea is that it often works even when theory

does not apply.

PR E B AT TR B, BUR T EE S (O RBR E D
The heavy computation needed to produce the bootstrap distribution replaces the

heavy theory (central limit theorem).

The bootstrap distribution of the resample means is used only to estimate how
the sample mean would vary because of random sampling, i.e. the bootstrap
standard error.

FRMEBMEH bootstrap 70 AW TG THEEA B K BEA LI 0 7= A /AR 4, B
bootstrap ¥R
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/T

|
il

I T T T 1

4 6 8 10 12

Mean time of resamples (in minutes)

K1 HRE AR (BT 3000 REFFE) Bootstrap Distribution Example (based
on 3000 resamples)

« We also look at the bootstrap distribution to see if it is roughly Normal (or not).
FAIB 2 MEE bootstrap A2 5 KBURMIES A (BAE ).

o Suppose that we take B resamples.
B RATIEAT B IRE KA

1 *
meanpoot = B g T

1
Stan. Erroryges = \/ ﬁ Z(ZE* - meanboot)2

Recall our newspaper recycling example: we collect the weekly newspaper recycle
weight in urban and suburbs. Below is a summary of the data.
[ B AT T i AR (RIS 9] . FRATTUSCERE 7 v A0 A IX B J A R el . AR 2 i

o
ZZ o

Variable Obs Mean | Std. Dev. | Min Max
A HE MIE | BHE iz | wME | OKE
Newspaper 148 2.180405 | .9811599 0 4.4
RACEICE | 148 | 2.180405 | 9811599 0 4.4

with standard error \/iﬁ = 0.0807.

PO ABRE BRI, P RO R A o AT (RS, HAsiE Ry = = 0.0807,

CLT suggests that the sampling distribution of the mean recycle weight is normal
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Resample 1000 times, plot the distribution of the 1000 means.
HRAE 1000 K, 1] 1000 NEIERI 720

Variable Obs Mean Std. Dev. Min Max
B M | HE WiEZE | mME | ROKE
x_bar 1,000 | 2.179164 | .0802463 | 1.947297 | 2.458784
FEAIME | 1,000 | 2.179164 | .0802463 | 1.947297 | 2.458784

Fraction
.08 .08
L

04
1

02
1

T
2.2

Bootstrapped X_Bar

T
24
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2.5 BER%EE: = “9%” Visual Comparison: Three ”Distribu-

tions”

SRS of size n _
_— X
SRS of size n _
_ X
SRS of size n _ >
e}y

POPULATION ] ] )
unknown mean p Sampling distribution

()

(a) BRI AT

Theoretical Sampling Distribution

a/vn

Theory

H
Sampling distribution

NORMAL POPULATION
unknown mean u

(b)

(b) 36T s oM B 2 B A )
CLT-based Approximation

=l

Resample of size n |
- l

Resample of size n
e

il One SRS of size n
_—
Resample of size n
—_t

- R =|

POPULATION = B
unknown mean u Bootstrap distribution

(o)

(c) E1BhIARES i
Bootstrap Sampling Distribution

2: = PPERAGHAE A 7 SRR B

Comparison of three ways to obtain the sampling distribution

10
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3 BUESHAMFRESERIEE Bootstrap Distribution
Properties and Reliability

3.1 BZESHHAIREHZ R KR Sources of Random Variation
o BUEE B AT A A BENLAR R
Two sources of random variation in creating a bootstrap distribution:

1 AR EENLIE R IR FEAS

Choosing an original sample at random from the population.

2. MJEIRFEA  BEHLILE 3 B Bk AR A

Choosing bootstrap resamples at random from the original sample.

o JATAYE B B AR BENS AT SE A THARE 0 AT . IER TR AR R A SRR
P DA FE R O TR
We want the bootstrap distribution to reliably estimate the sampling distribution.
This depends on how well the original sample represents the population and the

number of resamples.

o MEUF AR HIUREA & 50 (1

Population distribution Sampling distribution
s Population mean = &
e / , —
A Sample mean = ¥
II_." W] "‘\\ ! LY
/ " N
L - e / e
T T T T I T 1
-3 0 puid & 0 I 3

Bootstrap distribution Bootstrap distribution 2
for for
Sample 1 Sample 1

F

0 X

L

5]

I

Bootstrap distribution Bootstrap distribution 3
for for
Sample 2 Sample 1

-

=
[¥%)
=

o o

L

Bootstrap distribution Bootstrap distribution 4
r for
Sample 3 Sample 1

F

ll
2
lall
L

11
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3.2 XKEHATHBEXL Bootstrap with Large Samples

o R BEBEAEET AR E SRR PSR EOREEA, B A TR A Rt A 2
PR T SR AR FEAS, I B S RE S ASALLAIAE 20 AT KRB AT o
If a bootstrap distribution is based on a moderately large sample from the popula-
tion, its shape and variability don’t depend heavily on the original sample and do

mimic the shape and spread of the sampling distribution.

o SRHE Fl— SR IASFURFEAS ™ A 1) B BNE - A e TR . o0 A B AR R AL
HAFEAE R EE S E T 9 AREIME R AR D
The bootstrap distributions from different large samples from the same population

are very similar in shape, center, and spread. Resampling introduces very little

additional variation with lots of reps.

o REFEAFRM: PEINEAR, DAKERNEMEEZ RS GBS B > 1000).
Safe use for moderate sample size and lots of resampling replications (typically
B > 1000).

3.3 /IHEARTHBEBNE Bootstrap with Small Samples
o PNEEARTEHBRERFBOL N 24 M E LR RER .
Small samples give more variable results in the case of bootstrap.
o PREAXTEAREIARRIE RS RE AT B BNE SO EATHIR IR E .
Small samples represent the population poorly; bootstrapping repeatedly amplifies

their quirks.

o R IERH, HeTARVNEA R B B A AE TR AT bR I R
A8 572 o
Even with a Normal population, the bootstrap distributions based on different small

samples show much more variation in shape and spread.

o MEUF SR HIEA & 9 1:

Population distribution Sampling distribution
. a4 ]‘npul_aliim mean = p
, [ Sample mean = x
rd Y ,II |
4 hY A
v %
Jee Sy v pY
I 1 1 I 1 1
-3 B 3 -3 i 3

o GER: AREEIET AR /DR B Wik A1 68 5w AR 70 A AR AT ECAT o
H A RE SR EA R85 5l KR B/AMEAR RS (48 B Bkl

12
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3.4

Sample 1 Bootstrap distribution Bootstrap distribution 2
for for
Sample 1 Sample 1
I 1 I
-3 T 3 3 X 3 -3 x 3
Sample 2 Bootstrap distribution Bootstrap distribution 3
for for
{ ‘ Sample g Sample 1
T | | |||| | 1 I 1 I 1
-3 x 3 -3 X 3 -3 X 3
Sample 3 Bootstrap distribution Bootstrap distribution 4

for for
‘ L Sa;m];llq 3 SEmPE 1
[

HR S EE

Can’t trust a bootstrap distribution from a very small sample to closely mimic the

|
%]
|
[
|
-
|
=
|
¥}
L]
i

shape and spread of the sampling distribution. Bootstrapping does not overcome
the weakness of small samples. Use caution in any inference-including bootstrap

inference-from a small sample.

mZEMIT Bias Estimation
H Bk A b S EFEAR) 2, AR SR SE 1o

Each bootstrap distribution is centered close to the value of ¥ of its original sample,

not the population pu.

A LS 7 ZE R EE T RE (bias), BIHFES A A0 5 AR E{E 2 [
%5 B(X) — .
The distance between the bootstrap center and the ¥ mimics bias, the difference

between the center of the sampling distribution and the population mean E(X)—pu.

FATTOT LKA ZE Ak 1A
We can estimate the bias as:

—

Bias = meanyoor — T

H meanpoo /& HBNE M tH it E R AME .

where meany, is the mean of the bootstrap distribution of the statistic.

WA ZEAR N, R FIGREAR G T8 SIS HH — MR WA T .
A small bias indicates that the original sample statistic is an approximately unbi-

ased estimator of the population parameter.

13
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4

4.1

4.2

BHEIEE{5[X[8) Bootstrap Confidence Intervals

#ig
A AIE AT, BATA] AR T B AT HERT .
After we obtain the bootstrap distribution, we can base our inference on it.
FE iz

1. A AR A B IE AR 22
Use the bootstrap distribution to check the Normality and bias of the sampling
distribution.

2. EEIERSAE t AT AR BEE ¢« EERXIE.
The bootstrap standard error estimates in combination with a normal or ¢
distribution: Bootstrap ¢ confidence interval.

3. HIEEMH B BE AT HER: BN ERERXE, WERE (BC) M RE
KIEMIR (BCa) BEiEXIE.
Directly using the bootstrap distribution for inference: the percentile con-
fidence interval, bias-corrected (BC) and bias-corrected and acceler-

ated (BCa) confidence intervals.

BEN% t E{5X|8) Bootstrap ¢t Confidence Interval
EN : @IS AT B EEFR AR FEN ¢ AR AE S B X H .

A confidence interval for the parameter by using the bootstrap standard error and

the familiar ¢ distribution.

EREM: W AR R ILES AR HAmZ BN
Applicable if the bootstrap distribution shows a Normal shape and small bias.

AN RUUTALRGR ¢ XA, [BHEHPEFRER SEyoo B EIRIRER s/v/10o
Formula: similar to the traditional ¢ interval, but using the bootstrap standard

error S FEoo instead of the theoretical standard error s/y/n.
GATE £ 1))y X S Epoor

Sorb g, REE BN df B ¢ SR R BN, TR, df = n— 1.
EXTHMSHE, BHETRAHR. fEsLikd, WREAEL® KR, @
FITESIG S 22, 1ML

where t* /o 18 the critical value from the ¢ distribution with degrees of freedom df.

Typically, for the sample mean, df = n — 1. But for other statistics, the degrees of

14
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freedom may not be clear. In practice, if the sample size is sufficiently large, the

normal critical value 2}, /2 1 often used as an approximation.

o AT R S

Can also use the bootstrap standard error and ¢ distribution for hypothesis testing.

4.2.1 . AEEEBANE (BEHE)

A HEEI it~ g B BE ¢ (X8

B DR A A B aR 2 e, B S . TR BN e S AR
R . W 25% BEHE (RIHIE 50% MIMMERIMED.
Background: Real estate price in Seattle: strongly skewed, with high outliers.

Need a measure of center that is more resistant to outliers. Choose the 25%
trimmed mean (the mean of the middle 50% observations).

At rEFEEMEMIAEPALE? KOl F 1 B BERE 0T v A Hal HoAd i 4>
RBBCRAE, BRAFFRIBREAEIR K.

Why trimmed mean over median? Because the usual bootstrapping procedure
doesn’t work well for the median or other percentiles unless the original sample is
quite large.

HE: FURFEARE n =100, JRIGGTHE (25% BUREIME) Tam = 244.00192.
Data: Original sample size n = 100, original statistic (25% trimmed mean) Zy,i, =
244.00192.

B BHT B = 1000 (REMEE, 53 E LS.

Resampling: Perform B = 1000 resamples, obtain the bootstrap distribution.

o HBNEDSATLME: meany.o = 244.5123

Bootstrap distribution mean: meany,qo; = 244.5123

o HBWENRHER: SEpoe = 18.2454
Bootstrap standard error: SFEy.o = 18.2454

o WZEffiTt: Bias = 244.5123 — 244.00192 ~ 0.51038, HIXTH/)e
Bias estimate: Bias = 244.5123 — 244.00192 ~ 0.51038, relatively small.

15
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10+

0 m_m
0 500 1000 1500
Selling price (in $1000)

QCI)O zéo 360 350
Bootstrapped Trimed Mean House Price
3: AR MAE R B Bk A

Bootstrap Distribution of the Trimmed Mean

FIBT: BIEATEARIES HAmZ /N, 7T LAEH B B ¢ XA,

Judgment: The bootstrap distribution is approximately Normal and has a small
bias, so we can use the bootstrap ¢ interval.

HHE 95% BfEXiE:

Compute 95% Confidence Interval:

o XFTHEREIE, B RAIFEAR R o —FEAUR B BT : neective = n—2X

(Weak R LI ) « A, B 26% BRAE W dm %% 25 45 25 S ULINAEL, Hh(a]
TR 50 DMIIME . BRIE, B REARL )Y 50, AR HIZ 2 8 18] 50%

16
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XL E FO SRR 1o 3 TN ¢ 165 FLE fo.025(50 — 1) & f0.025(49) & 2.000.
For the trimmed mean, the effective sample size is reduced. An approximate
degrees of freedom: negective = m — 2 X (number of observations trimmed).
Here, trimming 25% means removing 25 observations from each end, leaving
50 in the middle. So effective sample size 50. More conservatively, use
the number of observations in the middle minus 1. We use g 25(50 — 1) ~
t0.025(49) =~ 2.009.

o [XJA]: 244.00192 4 2.009 x 18.2454 ~ 244.00192 + 36.65 ~ (207.35, 280.65).
Interval: 244.0019242.009 x 18.2454 ~ 244.00192 =+ 36.65 ~ (207.35, 280.65).

4.3

4.4

Ao E 5X|8 Percentile Confidence Interval

EN: ELIRAEHT B B A 1 E 2 A ok i 1 EAS XA
The interval between the /2 and 1 — «/2 percentiles of the bootstrap distribution.

95% BONEXE): HBESAAR 2.5% A 97.5% B A [ X [E]
95% bootstrap percentile confidence interval: the interval between the 2.5% and

97.5% percentiles of the bootstrap distribution.

e WEREW, TR AIEREGT B RHE R
Simple and intuitive, no need to assume a distribution shape or compute standard

error.

R WER B BNE AT BB, X TR) R REASHER o

May be inaccurate if the bootstrap distribution is biased or asymmetric.

G ¢t XEISEMAGE: W EBE ¢ XEAE A2 X 6 S wE A —2,
U 7 e X AN LR AF AT o

One way to check whether ¢ intervals are reasonable is to compare them with the
confidence interval directly based on the bootstrap distribution. When bootstrap

t and bootstrap percentile intervals do not agree closely, neither type of interval
should be used.

RERESMREEZ(EXE (BC/BCa) Bias-Corrected and Ac-
celerated (BC/BCa) Intervals

BIHL: T G E R EUX ], S R B B S AT ) O 2 R e FE
To improve upon the percentile interval by accounting for bias and skewness in the

bootstrap distribution.

17
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« RERIE (BC) Xia]: % H LA 2 .

BC intervals adjust for bias in the bootstrap distribution.

« REREME (BCa) X[8): [AIHEMmEMMWE GEL “IE” 250,
The BCa interval further takes into account both bias and skewness (via an "ac-

celeration” parameter).
o JRIE:
— MZERIER 75 B Bkl vHE s/ g B E A o

The bias correction factor is related to the proportion of bootstrap estimates

that are less than the observed statistic.

— IEZES B B A R B EE . Stata IV (jackknife) KAdiit
IiEZ4 .
The acceleration parameter is proportional to the skewness of the bootstrap
distribution. Stata uses the jackknife method to estimate the acceleration
parameter.

— W mZEMINIE DU E, IR L [X A5k A A oA X (A
If the bias and acceleration terms are zero, these intervals reduce to the per-

centile confidence interval.

. {AIRHER BC/BCa [X|8)?
When to use BC/BCa intervals?

— St BRI ZE CH B AR Z 5 TR D .
The statistic is strongly biased, as indicated by the bootstrap estimate of bias.

— Geit BRI AT R WA (1 B B A DA RS ¢ X TR A 20 R X 1)
ey DR
The sampling distribution of the statistic is clearly skewed, as indicated by

the bootstrap distribution and by comparing the ¢ and percentile intervals.

o HEFF: @E, BCa LN HINEAEGEXETE. B “ P 0, EWE
B AT BRI RS B IR 7 o SR, i ZE A S IUA T A R R R 2K
B EBEREA, JF HAEM A TV ESRBUIE 280, iH B E R RER k.

In general, BCa is the recommended bootstrap CI method. It is "second-order
accurate”, meaning that it converges faster to the correct coverage. However, the
accuracy of the bias and acceleration terms requires a large number of bootstrap
samples and, especially when using the jackknife to get the acceleration parameter,

this can be computationally intensive.

18
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4.4.1 B 7RG (Stata)
Stata BEIEZEEXE)4HIE

AR Stata £ HBNE ¢ XEFEHESSA (2) TIE ¢ 204
Note: Stata uses normal distribution in place of ¢ distribution for the bootstrap ¢

CIL. https://www.stata.com/manuals13/rbootstrap.pdf#rbootstrap

Bootstrap results

command: trimmean HousePrice, p(25)

trimmean: r(tmean25)

| Observed Bootstrap Normal-based
| Coef. Std. Err. z P>|z| [95% Conf. Intervall
trimmean | 244.00192 16.623825 14.68 0.000 211.4198 276.584 (N)

| 214.1135 277.9211 (P)
| 213.5865  277.2635 (BC)
| 213.9154 277.5635 (BCa)

(N) normal confidence interval
(P) percentile confidence interval
(BC) bias-corrected confidence interval

(BCa) bias-corrected and accelerated confidence interval

5

5.1

B ZRIN B Bootstrap Applications

X R EEIAHERT Bootstrap for Correlation
=: WA MR ERN S E.

Use of the bootstrap for a statistic that depends on two related variables.

w~f5l: MLB BRARHK SRR . JATH 50 L BEHLIEFER MLB BR A
4 FAKINRILPES) .
Example: we have data on the names, salaries, and performance ratings for 50

randomly selected MLB players.

REE: B i — A2 2K R IVE 0 M F KA R FATTERERR R, PR X
XHE B A FRA T B A A

Because each observation consists of the performance rating and salary for one
player, we resample players and get the pair of information into our resamples

together.

19
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o PNEERMEHME: ARE M HEIMERIE S MFK, Sk ZBRARIE HH
IKZ IR FRTIER 5% o
We don’ t resample performance ratings and salaries separately: this would lose

the tie between a player’ s performance and his salary.

. TR
1. M GEE 45 A s E b BE LA n AN IE CRPER D, M s—A B BhiZ
FEA

Draw a bootstrap sample of n observations (i.e., players) with replacement
from the original dataset.

2. THHEIZ B BEREAR AR R 8 .
Compute the correlation coefficient r* for this bootstrap sample.

3. HEZ K (401000 O, 133AHK SR80 B BhiZ oA .
Repeat many times (e.g., 1000) to get the bootstrap distribution of the corre-
lation.

4. FETZ AR EEXE A E 2 8BIX L BCa X TA]).
Compute a confidence interval based on this distribution (e.g., percentile or
BCa interval).

5.1.1 7~fil: #EkEFKSRM
BEkEk SRIEXMEBEE

BER: BAEERFKGEREZ MR RBES . BEAHKRE r=0.107.
Background: The scatterplot suggests that the relationship between salary and
batting average is weak. The sample correlation coefficient is r = 0.107.

o)l THESAMC RN 95% BEXE, FEEEEGEE 0.

Question: Calculate a 95% confidence interval for the population correlation and
see whether or not it covers 0.

Stata #iH:

Stata Output:

Bootstrap results

command: correlate Salary Average

r: r(rho)

| Observed Bootstrap Normal-based
| Coef. Std. Err. z P>|z]| [95% Conf. Intervall
r | .10675751 .12728372 0.84 0.402 -.142714 .366229 (N)
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| -.1301489 .3627903 (P)
| -.12956977 .3642086 (BC)

(N) normal confidence interval
(P) percentile confidence interval

(BC) bias-corrected confidence interval

o MMAHR REL r = 0.1068.
Observed correlation r = 0.1068.

o HBWERRHER SEpoor = 0.1273,
Bootstrap standard error SEy.. = 0.1273.

o fRZfHiT Bias = 0.000563, EH /.
Bias estimate Bias = 0.000563, very small.

o =HF 95% EfEXIAAAE 0, RULE 0.05 KF EMHREARE.
All three 95% confidence intervals include 0, indicating that the correlation

is not significant at the 0.05 level.

o filtn, HAAEXIEY (—0.1301,0.3628), LF 0.
For example, the percentile interval is (—0.1301, 0.3628), which includes 0.

2
r(rho)

B 4: H< R E0 B BE A

Bootstrap Distribution of the Correlation
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5.2

6.1

M2E L3 A B BNiE Bootstrapping to Compare Two Groups
W 4R B WA ARSI BENREA, FEARE TN ny Fl ng.

Given independent random samples of sizes n; and nsy from two populations.

TR

L 3 AAEPSMAEAR N B SR IS — DMEA G T Rl H A B /N A g 1 EE 4l
FEFEAR, I AR A TR MUK N A ny BISST B HHFERE A
Resample separately within two samples: draw a resample of size n; with
replacement from the first sample and a separate resample of size ny from the
second sample.

2. TFHEEMBRI Gt &, I MFEARSERZE 77 — 75
Compute the statistic, such as the difference between the two sample means.

3. BEZIR, [{FAgtE (HEE KEES .

Repeat many times to get the bootstrap distribution of the statistic (e.g.,
difference in means).

4. BT EA AT (WA B XD,

Make inference based on this distribution (e.g., compute a confidence interval).

SR AU DI EHIRE, DURHEPAL L [ T R
Must resample separately to maintain the assumption of independence between the

two groups.

EIT Permutation Test

ERBESLER

FE X — P T B BRSO 30 775, A IR AR T8 E R HE 2 Al kA 4
=i

A hypothesis testing method based on resampling that constructs the sampling
distribution under the null hypothesis by rearranging the data.

S5B8UERNXA: BRI FE B T FEATH, B ERATT D LR & AR
J7 EMEE . X5 B BERE T IR ASBE T S POULII A A B i . B
Al T A TEE AR A 56 rh R A 7 2

The hypothesis testing operates under the null hypothesis, so we have to resample in
a way that is consistent with the null hypothesis. It is different from the bootstrap
way of resampling: cannot simply resample from the observed sample. Closer to

the way we sample in rank tests.
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o Bl GE R B EE BIAE  BE S e P B AE /T ?

Example: Do directed reading activities improve reading abilities?

— RCERZ (21 A RHBUEE, WIRA (23 L) B AERHE.
The Treatment group (21 students) is assigned to the new teaching method
and the control group (23 students) is taught using the traditional method.

— ARG B TTVEAN T B B A
The null hypothesis for the resampling test is that the teaching method does
not affect the distribution of reading scores.

— FEFRBCN, AT B RIRA, AN AR 4.

Under the null hypothesis, students should have similar scores no matter which

group he is assigned to.

- EBRKQIEHEIE:

The idea of permutation tests:

— WA ST, JRATTAT CABEATLR 2 A 2 B B AL BRAL AR B2, It R
TS
If the null hypothesis is true, we can then randomly assign students to treat-
ment and control groups and find the difference in average scores.

— KB EC CEH, FATAT DS BEFRBC N SR (nAEZE) 1
534, VE#S T (permutation distribution).
By repeating the random assignment many times (permutations), we obtain
the distribution of the statistic (e.g., difference in means) under the null hy-

pothesis, called the permutation distribution.

— Rl B et B e AL B e A b, THE P AE: RILE D 5 SRR
B — AR A 155 VL EE 451
Locate the actual value of the statistic on the permutation distribution to get

the P-value: the proportion of at least as extreme cases.

6.1.1 E#KIGSE General Procedure

L HEFEGEIE R gt E (P AIE %)

Compute the statistic for the original data.

2. DIRF G IEEGR I 5 SO EE s B AR PR A . KR e A S B ey
Afi o

Choose permutation resamples from the data in a way that is consistent with the
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null hypothesis. Construct the permutation distribution from a large number of

resamples.

3. KRG gt E e ALAE B A EoRIRE] P . EHCESRE SRR CHER
I I EE
Find the P-value by locating the original statistic on the permutation distribution:

the proportion of the permutation resample statistics that are “more extreme” .

6.1.2 ~f5i<RA

15132 BE 1 B #4858 7R 151

BRERATE 4 NFERDH: 24, 61, 42, 33, 46, 37, FARE T, HAREEA R
DH

o BENUE AR A (BB 2 ), HEEZE.
1. 4rEd: 20 1: (24, 61), 24 2: (42, 33, 46, 37)
WMEZE: T — Ty = 42.5—-39.5=3.0
2. /. 4 1: (33, 46), 4 2: (24, 61, 42, 37)
PIEZE: 395 —41=—-15
3. rEd: 2H 1: (33, 61), 4 2: (24, 42, 46, 37)
WEZE: 47 -37.25=9.75
4. 4ric: 4H 1: (37, 42), 4 2: (24, 61, 33, 46)
PIEZE: 395—41=—-15
« BEEFATRNSE (BEREMILAE), JEMEENE .

o RVEWI B FIIIMEZE A 10125, EBESAAT, TFEHILEKNTET
10.125 Bytefl, BN P 1E.

Stata HitHRfl (RIFFIEER):
Stata Output Example (Monte Carlo permutation):

Monte Carlo permutation results

command: ttest Reading, by(Group)
diff: r(mu_2)-r(mu_1)

permute var: Group

T T(obs) c n p=c/n  SE(p) [95% Conf. Intervall

diff | 10.125 29 1000 0.0290 0.0053 .0195059 .0413847
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Note: Confidence interval is with respect to p=c/n.
Note: ¢ = #{|T| >= |T(obs) |}

fRAE: WINR A EMEZ T(obs) = 10.125. £ 1000 K E#d, A 29 KERIH
|T| > 10.125, Btk P {E = 29/1000 = 0.0290.

Interpretation: The observed difference 7'(obs) = 10.125. Out of 1000 permuta-
tions, 29 had |T'| > 10.125, so P-value = 29/1000 = 0.0290.

The Permutation Distribution The Bootstrap Distribution

Fraci
Fracti

5. B A EMINME

Permutation Distribution and the Observed Statistic

6.2 EBEMLIGS t #£IGAILLE Comparison with the t¢-test
6.2.1 E#KIGAHLEE Advantages of Permutation Tests

o BRIRE—AR: FRBRRE “WHS AT, AR A
The permutation test hypotheses are more general. The null hypothesis is “same

distribution in both groups” .

o AR ERFNHNES: FlEENE. WHELE. ¢t RIEIIR T LA
18, ONIRATR EHE S ARG TR ¢ gt . Bk E B
TR AT ) EIR IR 7S
Can use more flexible measures of the treatment effect such as trimmed means,
and ratio of means. t test is limited to comparing sample means because we have
to work out that the statistic has a ¢ distribution when Hj is true. Permutation

replaces the “theoretical searching” for sampling distributions.

« BMEHMESHARLER, thaethtEme P E.
The permutation test gives accurate P-values even when the sampling distribution

is not close to Normal.

o AIEE ¢ WIGHRTEM: iR ¢ IR PS5 E#RARK P EZERR, W
PIFEAS ¢ A58 ) 26 1F T BEAN AT
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Can check the reliability of t-tests: if the P-value from t test differs considerably,

the conditions for the two-sample ¢ may not hold.

6.2.2 EHKEIAEMRM Limitations of Permutation Tests

o ERARERE: B IR G FEAR O, A SR TE R CMUSE A
5], T H 7 ZFARAEAED . MRFEA ¢ 58 i 7 22 73l (R A AT 5 %
JRAD
However, it requires that the two populations are identical when the null hypothesis
is true, not only are their means the same but so are their variations and shapes.

In contrast, the two-sample t allows for unequal variance.

o WWHEEFRRK: Frile UEARRKN, Ay EEER, EHEMAH
SR RIS OTIE (BENLAE 800 151D SR fel.
Can be computationally intensive, especially for large sample sizes. Often use Monte

Carlo methods (randomly sample a subset of permutations) to approximate.

6.2.3 RYILEE:: Verizon %E{ER[8)

Verizon ZE{&RTE]: ¢ I vs BEHREIE

B HE Verizon 25/ (1664 4> 534t F% )7 (23 ) HI4EEIFE]. HidfE
7 E i A HL T 72 505

Background: Comparing repair times for 1664 Verizon customers with 23 cus-

tomers of competing companies. Data are strongly skewed with unequal variances.
T EHER P {EEEE:

Comparison of P-values from different tests:

TS s I PE | EfRQN P E
Ty — To (JRUGHIEZE) 0.0045 0.0183
& IF t Gttt & Pooled t statistic 0.0044 0.0183
E1E t 4iit & Modified ¢ statistic 0.0044 0.0195

M. B T E) PAERAL ¢ f3K 4 5. KRR JvE ™ =W ¢ 56
WY IERSTEAN G Z5 M, S 30t Il P {ED CERSIVE KR . B
BT IS AE XM E I T AT EE

Observation: The permutation test gives P-values about 4 times larger than the
t-test. This is because the data severely violate the normality and equal variance

assumptions of the t-test, causing the ¢-test P-values to be too small (more likely

to commit Type I error). The permutation test is more reliable in this situation.
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Observed =—
Mean -—

P-value

-15 —10

6: Verizon A5 ¥{E 2 [ & 4 73 A

Permutation Distribution of Difference in Means for Verizon Data

6.3 EMKEEHNAA=SR$] When to Use and Limitations of

Permutation Tests

6.3.1 &A= When can we use permutation tests?

o FAREARIOIRR: LLESAME . LBl briE e ARG = .
Two-sample problems: to compare population means, proportions, standard devi-

ations, or other statistics.

o ECXPIT: Bilhn, WEEEH R ST . s EEE WH B A CH A
H” BBty . RS W H Jesem, M S E A 8ok F—0Ah. =
RS, FENLECREDBE R —4 “WHA 7 4, B4 b 4.
MNRE AR BERER, FOYFEEERE &R
Matched pairs: Example, can the full moon influence behavior? Record aggressive
behaviors on “moon day” and “other day” for each patient. The null hypothesis:
the full moon has no effect on behavior. If this is true, the two entries for each
patient are from the same distribution. Resampling randomly assigns one of each
patient” s two scores to “moon” and the other to “other.” We don’ t mix results

for different subjects because the original data are paired.

« WANEEREXM: B, HBERRERIEHFKIKR. FRK: BEXR. &
FREIS, R B 37 K AEER 51 BEAL AL .

Correlation between two variables: For example, the relationship between baseball
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players’ performance ratings and salaries. The null hypothesis is that there is no
relationship. Resample by assigning the observed salaries among the players at

random.

6.3.2 AiEMIHE When can’ t we use permutation tests?

o HEATAFIIE W LARF & BB 7 AU AERT

When we don’ t know how to resample in a way that matches the null hypothesis.

- BiFG4E:

— KT B SRR B .
Testing hypotheses about a single population.

— OB RS A E AR (il R AN AR ) T 22 R AR, HED
7 AR, At AT REA D
Comparing populations that differ even under the null hypothesis (e.g., test-

ing if two populations have equal variances, but even if variances are equal,

distributions could be different).
— fads R R (WEARREZENE).

Testing general relationships (e.g., whether a regression slope is zero).

o BRIAE: ATNGESATERG R, EER LR RPNEEEXE . WRE
EX RS FRGAE, BARANTAEF PR B E MK B4 Hyo XA ME
g abnh, (HEASXEBEREM TN KN, WaiR Mt — e T A B EE R
When we can’t do a permutation test, we can often calculate a bootstrap confidence
interval. If the confidence interval fails to include the null hypothesis value, then we
reject Hy at the corresponding significance level. This is not as accurate as doing
a permutation test, but a confidence interval estimates the size of an effect as well

as giving some information about its statistical significance.
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BE5EE Summary and Comparison

BENE vs E#IELE Bootstrap vs Permutation Test

M Aspect BB17% Bootstrap E 405 Permutation Test
FEHMW gt ER AT, W | ERER MRSk, itE P
BIEXIE, B
RT3 MIFIEFEA G TR AR . | AR BB s 1 77 X HES

B a2 o e 2
BOZH AR5 o
X IR AR TR A At AT AR A FE T “JREE | e erE R kAT Bk
FEARMRT SR BRI WAL Ho SN FCIS 30 A
B R
e S FrifEiR. mZA T BAEXE. | P 1E.
] AT, nAABE S Mg | SRAETE P A CURTEHE

Xt i R AT AR BEEERAK .

PRI )5 AMI T IR ESE

97

Ja PR Limitations

INFEARI AR AR THERK

BUIE Y T4 e B e fer 56 37 5
JRAR W ER 98 Can iy e A e 4
FFD; THERETTREIEH K.

M B H Typical Applica-

tions

BME. A8 L. AR R
e IR EEE  ELAE XA

PIREAAL B AT o AH PRI |
PXS 22 5tk 6 o

# 1 AL BT

Comparison of Bootstrap and Permutation Test

B ESE % AREEE Resampling vs Traditional Methods

o HEEHUA: BRI R ARG CAIERTE) HARAS: AR RS, M
=R

Common advantages: Reduce reliance on strict distributional assumptions (e.g.,

normality); conceptually intuitive with modern computing power.

o RGFHENME : AREIEIR A, TR TR

AT AR EE, B

RO ALY R RIS RIS (40 ANOVA, ZJtlElH).
Advantages of traditional methods: Well-established theoretical foundation; fast

computation; typically more powerful when assumptions hold; extendable to com-

plex models (e.g., ANOVA, multiple regression).
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o EFEIW:

— MR RE A S IENER (e E A R E HEAEAKRE, %
JEAEH A T7
Consider resampling when data clearly violate assumptions of traditional meth-

ods (e.g., severe skewness, outliers) and sample size is not large.

— TR R ARG R (LR BRI, E R E (X
A T HE.
For statistics with no simple theoretical distribution (e.g., ratio, trimmed

mean), bootstrap is a powerful tool for constructing confidence intervals.

— LRI AR (AR S A ED B S Sk i AR g R, B
BRI IRE M
Permutation test is useful when you want to test more general hypotheses (e.g.,

whether distributions are identical) or check the robustness of traditional tests.

— FERE SR, WL 45 AR GO VA B AR VA A 2R, DU 950 Y
AAE
When reporting results, consider presenting both traditional and resampling

results to strengthen the credibility of conclusions.

SCERIE I Practical Recommendations

1. HAE: MRAEAREE® AR, DMUEMAE AT EE. X AL, 8% n > 30 7]
REEHISR, X TEkak, FHED 10-20 SUWNE.
Ensure sample size is large enough for resampling methods to be reliable. For
bootstrap, typically n > 30 gives reasonable results; for permutation tests, at least

10-20 observations per group.

2. AR E: AT HEBE, W% B = 1000 REE 2 ARG RE MR AE RN E 4
R W ERGR, WERTCENZETE S, B = 1000 BGE 2 KSR RE
HE,

Number of resamples: For bootstrap, typically B = 1000 or more for stable stan-
dard errors and percentiles; for permutation tests, if enumerating all permutations

is infeasible, use B = 1000 or more Monte Carlo replicates.

3. WEBMZED T IWALH HIE A, AR, MEMEBE. Ry
A E A ECE B R 22, & BCa X[H.
Always plot the bootstrap distribution to examine its shape, bias, and spread. If

the distribution is severely skewed or has notable bias, consider using BCa intervals.
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4. BEEANEIXIE : an R AT RE, THEIF B E IS ¢ XA, & 2 A X A AT BCa X [H] .
MR EANIERIRK, WITFEEEMRE, 75 A S Or 57 1 DX T BT 4R A 702
Compare different intervals if possible: bootstrap t, percentile, and BCa. If they
differ substantially, interpret with caution and consider using the most conservative

interval or seeking alternative methods.

5. BREESEIL: KEZH Sttt (0 R, Stata, Python HJ statsmodels Fl scikit-learn)
PR T E A VA ISR . BARAR AT P R A A O R
Most statistical software (e.g., R, Stata, Python’s statsmodels and scikit-learn)

provide implementations of resampling methods. Familiarize yourself with relevant

functions in your software.

KE#ZLE S Core Takeaways

« EHIEFREANROCBERBITEREIER, BENKIERES HEFERIEMN
D,
The core idea of resampling methods is to replace theory with computation,
approximating the sampling distribution by repeatedly sampling from the
data.

- BEEZZERTHiIHMESHFMEEERXE, MEATHRZEKRK, B
INERBTRIEE.
Bootstrap is mainly used to estimate sampling distributions and construct
confidence intervals, with minimal distributional assumptions, but caution is

needed with small samples.

- EREBNE—MIESHRIRVEFZE, ERRIRTEDEFHHTIKIERR
15 P E, ERTREARLE. HXMREFTE.
Permutation test is a nonparametric hypothesis testing method that obtains
P-values by rearranging data under the null hypothesis, suitable for two-

sample comparisons, correlation tests, etc.

- BCa EffXEESLEHRNAMUKXEE &R, RAECERT REMR
E.
The BCa confidence interval is generally more accurate than the simple per-

centile interval because it accounts for bias and skewness.

- HEFSHRENRIZTRKIERN, EMERERHTRENERSR.
ENRAMRES, BENSERAEESERATUERESILAINAR.

When assumptions of traditional parametric tests are likely violated, resam-

pling methods provide robust alternatives. In applied research, using them
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alongside traditional methods can strengthen the persuasiveness of conclu-

sions.
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